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ABSTRACT: We present an exposition on the geometrization of the electromagnetic force.
We show that, in noncommutative (NC) spacetime, there always exists a coordinate trans-
formation to locally eliminate the electromagnetic force, which is precisely the Darboux
theorem in symplectic geometry. As a consequence, the electromagnetism can be realized
as a geometrical property of spacetime like gravity. We show that the geometrization of
the electromagnetic force in NC spacetime is the origin of gravity, dubbed as the emergent
gravity. We discuss how the emergent gravity reveals a novel, radically different picture
about the origin of spacetime. In particular, the emergent gravity naturally explains the
dynamical origin of flat spacetime, which is absent in Einstein gravity. This spacetime
picture turns out to be crucial for a tenable solution of the cosmological constant problem.
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1 Deformation theory

One of the main trends in modern physics and mathematics is to study a theory of defor-
mations. Deformations are performed first to specify a particular structure (e.g., complex,
symplectic, or algebraic structures) which one wants to deform, and then to introduce
a deformation parameter [h] such that the limit [A] — 0 recovers its parent theory. The
most salient examples of the deformation theories are Kodaira-Spencer theory, deformation
quantization, quantum group, etc. in mathematics and quantum mechanics, string theory,
noncommutative (NC) field theory, etc. in physics. Interestingly, consequences after the
deformation are often radical: A theory with [h] # 0 is often qualitatively different from



its parent theory and reveals a unification of physical or mathematical structures (e.g.,
wave-particle duality, mirror symmetry, etc.).

Let us focus on the deformation theories appearing in physics. Our mission is to
deform some structures of a point-particle theory in classical mechanics. There could
be several in general, but the most salient ones among them are quantum mechanics,
string theory and NC field theory, which we call h-deformation, o’-deformation and 6-
deformation, respectively. The deformation parameter [h] (which denotes a generic one) is
mostly a dimensionful constant and plays a role of a conversion factor bridging two different
quantities, e.g., p = 27h/\ for the famous wave-particle duality in quantum mechanics. The
introduction of the new constant [A] into the theory is not a simple addition but often a
radical change of the parent theory triggering a new physics. Let us reflect the new physics
sprouted up from the [A]-deformation, which never exists in the [h] = 0 theory.

Quantum mechanics is the formulation of mechanics in NC phase space

(2%, pr] = ihdL. (1.1)

The deformation parameter A is to deform a commutative Poisson algebra of observables in
phase space into NC one. This Ai-deformation (quantum mechanics) has activated revolu-
tionary changes of classical physics. One of the most prominent physics is the wave-particle
duality whose striking physics could be embodied in the two-slit experiment.

String theory can be regarded as a deformation of point-particle theory in the sense
that zero-dimensional point particles are replaced by one-dimensional extended objects,
strings, whose size is characterized by the parameter o/. This o/-deformation also results
in a fundamental change of physics, which has never been observed in a particle theory. It
is rather a theory of gravity (or grandiloquently a theory of everything). One of the striking
consequences due to the o/-deformation is ‘T-duality’, which is a symmetry between small
and large distances, symbolically represented by

O/

R« 7 (1.2)

The T-duality is a crucial ingredient for various string dualities and mirror symmetry.
NC field theory is the formulation of field theory in NC spacetime

[ya7yb]* =i (1-3)

See [1, 2] for a review of this subject. We will consider only space-noncommutativity
throughout the paper in spite of the abuse of the term ‘NC spacetime’ and argue in section
4.1 that “Time” emerges in a different way. This NC spacetime arises from introducing
a symplectic structure B = %Babdy“ A dy® and then quantizing the spacetime with its
Poisson structure §% = (B~1)% treating it as a quantum phase space. In other words,
the spacetime (1.3) becomes a NC phase space. Therefore the NC field theory, which we
call f-deformation, is mathematically very similar to quantum mechanics. They are all
involved with a NC x-algebra generated by eq. (1.1) or eq. (1.3). Indeed we will find many
parallels. Another naive observation is that the §-deformation (NC field theory) would be



Theory Deformation New physics
Quantum mechanics h wave-particle duality
String theory o T-duality
NC field theory gab 7

Table 1. [A]-deformations and their new physics.

much similar to the o/-deformation from the viewpoint of deformation theory since the
deformation parameters o/ and @ equally carry the dimension of (length)?. A difference is
that the 0-deformation is done in the field theory framework. We will further elaborate the
similarity in this paper.

What is a new physics due to the #-deformation ? A remarkable fact is that translations
in NC directions are an inner automorphism of NC *-algebra Ay, i.e., e'*¥ *f(y) *xe kY =

~ ~

fly+0-k) for any f(y) € Ap or, in its infinitesimal form,

[y*, F)l = 1070, ] (3). (1.4)

In this paper we will denote NC fields (or variables) with the hat as in eq. (1.4) but we
will omit the hat for NC coordinates y® in eq. (1.3) for notational convenience. We will
show that the O-deformation is seeding in it the physics of the o/-deformation as well as
the h-deformation, so to answer the question in the table 1.

This paper is organized as follows. In section 2 we review the picture of emergent grav-
ity presented in [3] with a few refinements. First we consolidate some results well-known
from string theory to explain why there always exists a coordinate transformation to locally
eliminate the electromagnetic force as long as D-brane worldvolume M supports a sym-
plectic structure B, i.e., M becomes a NC space. That is, the NC spacetime admits a novel
form of the equivalence principle, known as the Darboux theorem, for the geometrization
of the electromagnetism. It turns out [3] that the Darboux theorem as the equivalence
principle in symplectic geometry is the essence of emergent gravity. See the table 2. In
addition we add a new observation that the geometrization of the electromagnetism in the
B-field background can be nicely understood in terms of the generalized geometry [4, 5].
Recently there have been considerable efforts [3, 6-20] to construct gravity from NC field
theories. The emergent gravity has also been suggested to resolve the cosmological constant
problem and dark energy [15, 21].

In section 3, we put the arguments in section 2 on a firm foundation using the back-
ground independent formulation of NC gauge theory [22, 23]. In section 3.1, we first clarify
based on the argument in [14] that the emergent gravity from NC gauge theory is essen-
tially a large N duality consistent with the AdS/CFT duality [24]. And then we move onto
the geometric representation of NC field theory using the inner automorphism (1.4) of the
NC spacetime (1.3). In section 3.2, we show how to explicitly determine a gravitational
metric emerging from NC gauge fields and show that the equations of motion for NC gauge
fields are mapped to the Einstein equations for the emergent metric. This part consists
of our main new results generalizing the emergent gravity in [3, 12] for self-dual gauge
fields. In the course of the derivation, we find that NC gauge fields induce an exotic form



of energy, dubbed as the Liouville energy-momentum tensor. A simple analysis shows that
this Liouville energy mimics the several aspects of dark energy, so we suggest the energy
as a plausible candidate of dark energy. In section 3.3, the emergent gravity is further
generalized to the nontrivial background of nonconstant 6 induced by an inhomogenous
condensation of gauge fields. In section 3.4, we discuss the spacetime picture revealed from
NC gauge fields. We also confirm the observation in [15] that the emergent gravity reveals
a remarkably beautiful and consistent picture about the dynamical origin of flat spacetime.

In section 4 we speculate how to understand “Time” and matter fields in the context of
emergent geometry. As a first step, we elucidate in section 4.1 how the well-known ‘minimal
coupling’ of matters with gauge fields can be understood as a symplectic geometry in
phase space. There are two important works [25, 26] for this understanding. Based on the
symplectic geometry of particles, in section 4.2, we suggest a K-theory picture for matter
fields such as quarks and leptons adopting the Fermi-surface scenario in [27, 28] where
non-Abelian gauge fields are understood as collective modes acting on the matter fields.

In section 5, we address the problem on the existence of spin-2 bound states which
presupposes the basis of emergent gravity. Although we don’t know any rigorous proof, we
outline some positive evidences for the bound states using the relation to the AdS/CFT
duality. We further notice an interesting similarity between the BCS superconductivity [29]
and the emergent gravity about some dynamical mechanism for the spin-0 and spin-2 bound
states, respectively. See the table 3. We also discuss the issues on the Lorentz symmetry
breaking and the nonlocality in NC field theories from the viewpoint of emergent spacetime.

In section 6, we summarize the message uncovered by the emergent gravity picture
with some closing remarks.

The calculational details in section 3 are deferred to two appendices. In appendix A
we give a self-contained proof of the equivalence between self-dual NC electromagnetism
and self-dual Einstein gravity, first shown in [12], for completeness. The self-dual case
will provide a clear picture to appreciate what the emergent gravity is, which will also be
useful to consider a general situation of emergent gravity. In appendix B the equivalence
is generalized to arbitrary NC gauge fields.

2 Geometrization of forces

One of the guiding principles in modern physics is the geometrization of forces, i.e., to view
physical forces as a reflection of the curvature of the geometry of spacetime or internal
space. In this line of thought, gravity is quite different from the other three forces -
the electromagnetic, the weak, and the strong interactions. It is a manifestation of the
curvature of spacetime while the other three are a manifestation of the curvature of internal
spaces. If it makes sense to pursue a unification of forces, in which the four forces are
different manifestations of a single force, it would be desirable to reconcile gravity with
the others and to find a general categorical structure of physical forces: Either to find a
rationale that gravity is not a fundamental force or to find a framework that the other
three forces are also geometrical properties of spacetime. We will show these two features
are simultaneously realized in NC spacetime, at least, for the electromagnetism.



2.1 Einstein’s happiest thought

The geometrization of forces is largely originated with Albert Einstein, whose general
theory of relativity is to view the gravity as a metric field of spacetime which is determined
by the distribution of matter and energy. The remarkable vision of gravity in terms of the
geometry of spacetime has been based on the local equivalence of gravitation and inertia,
or the local cancellation of the gravitational field by local inertial frames - the equivalence
principle. Einstein once recalled that the equivalence principle was the happiest thought
of his life.

The equivalence principle guarantees that it is “always” possible at any spacetime
point of interest to find a coordinate system, say £“, such that the effects of gravity will
disappear over a differential region in the neighborhood of that point. (Precisely speaking,
the neighborhood should be taken small enough so that the variation of gravity within
the region may be neglected.) For a particle moving freely under the influence of purely
gravitational force, the equation of motion in terms of the freely falling coordinate system
&% is thus

d2§a
— =0 2.1
dr? (2.1)
with d7 the proper time
dr?* = npde®deP. (2.2)

We will use the metric 7,3 with signature (— + +---) throughout the paper.

Suppose that we perform a coordinate transformation to find the corresponding equa-
tions in a laboratory at rest, which may be described by a Cartesian coordinate system
xt. The freely falling coordinates £* are then functions of the x#, that is, £ = £*(z).

The freely falling particle in the laboratory coordinate system now obeys the equation of

motion ) \
d“zt dz¥ dx
| 2.3
dr? T dr dr (2:3)
where
dr? = g (v)da* dz” (2.4)
and oea eb
& 9¢
() = g2 IS 2.
Gy () = B owr dzv (2:5)

It turns out that eq. (2.3) is the geodesic equation moving on the shortest possible path
between two points through the curved spacetime described by the metric (2.5). In the
end the gravitational force manifests itself only as the geometry of spacetime.

In accordance with the principle of general covariance the laws of physics must be
independent of the choice of spacetime coordinates. That is, eq. (2.3) is true in all co-
ordinate systems. For example, under a coordinate transformation z# — /", the metric

transforms into \
ox* 0x”
/ /
G (') = WW%J(UC) (2.6)
and eq. (2.3) transforms into the geodesic equation in the spacetime described by the
metric (2.6). The significance of the equivalence principle in conjunction with the principle



of covariance lies in its statement that there “always” exists a locally inertial frame at
an arbitrary point P in spacetime where g, 5(P) = 74 and I"gﬁ(P) = 0. But the second
derivatives of g(’l 3 at P cannot all be set to zero unless the spacetime is flat. This coordinate
system is precisely the freely falling coordinates £ in eq. (2.1), i.e., £* = 2/%(z), so the
metric at P in the original system can consistently be written as the form (2.5).

But a routine calculation using the metric (2.5) leads to identically vanishing curvature
tensors. Thus one may claim that the geometry described by the metric (2.5) is always flat.
Of course it should not be the case. Remember that the metric (2.5) in the z-coordinate
system should be understood at a point P since it has been obtained from the local inertial
frame £ where g;,5(P) = 745 and F’ZB(P) = 0 are satisfied only at that point. In order
to calculate the curvature tensors correctly, one needs to extend the local inertial frame
at P to an infinitesimal neighborhood. A special and useful realization of such a local
inertial frame is a Riemann normal coordinate system [30] (where we choose the point P
as a coordinate origin, i.e., £%|p = a#|p = 0)

1 1
£4(z) = 2% 4+ =T (P)a*z” + E(F;;ﬁrg + 0\, ) (P)ata’ar + - | (2.7)

which can be checked using eq. (2.6) with the identification 2’% = £%. One can then arrive
at a metric

1 1
9op(T) = Nap — ngﬁy(P)x“x” — ED)\RQM;:,,(P)QU)‘QU“QU” +--e (2.8)

2.2 Darboux theorem as the equivalence principle in symplectic geometry

What about other forces 7 Is it possible to realize, for example, the electromagnetism as a
geometrical property of spacetime like gravity 7 To be specific, we are wondering whether
or not there “always” exists any coordinate transformation to eliminate the electromagnetic
force at least locally. The usual wisdom says no since there is no analogue of the equivalence
principle for the geometrization of the electromagnetic force. But one has to recall that
this wisdom has been based on the usual concept of geometry, i.e., Riemannian geometry in
commutative spacetime. Surprisingly, the conventional wisdom turns out to be no longer
true in NC spacetime, which is based on symplectic geometry in sharp contrast to the
Riemannian geometry.

We will show that it is “always” possible to find a coordinate transformation to elimi-
nate locally the electromagnetic force if and only if spacetime supports a symplectic struc-
ture, viz., NC spacetime. To be definite, we will proceed with string theory although an
elegant and rigorous approach can be done using the formalism of deformation quantiza-
tion [31]. See [3] for some arguments based on the latter approach.

A scheme to introduce gauge fields in string theory is by means of boundary inter-
actions or via boundary conditions of open strings, aside from through the Kaluza-Klein
compactifications in type II or heterotic string theories. With a compact notation, the



open or closed string action reads as'

1
= X2- | B— A 2.
s 4m,/zrdr / /8 (2.9)

where X : 3 — M is a map from an open or closed string worldsheet ¥ to a target
spacetime M and B(X) = X*B(M) and A(9X) = X*A(M) are pull-backs of spacetime
fields to the worldsheet 3 and the worldsheet boundary 9%, respectively.

The string action (2.9) respects the following local symmetries.

(I) Diff(M)-symmetry:
X — X' = X'(X) e Diff(M) (2.10)

and the corresponding transformations of target fields B and A including also a target
metric (hidden) in the first term of eq. (2.9).

(IT) A-symmetry:
(B, A) — (B—dA, A+A) (2.11)

where the gauge parameter A is a one-form in M. A simple application of Stokes’
theorem immediately verifies the symmetry (2.11). Note that the A-symmetry is
present only when B # 0. When B = 0, the symmetry (2.11) is reduced to A —
A + d)\, which is the ordinary U(1) gauge symmetry.

The above two local symmetries in string theory must also be realized as the symmetries
in low energy effective theory. We well understand the root of the symmetry (2.10) since the
string action (2.9) describes a gravitational theory in target spacetime. The diffeomorphism
symmetry (2.10) certainly signifies the emergence of gravity in the target space M. A
natural question is then what is a root of the A-symmetry (2.11).

Unfortunately, as far as we know, there has been no serious investigation about a
physical consequence of the symmetry (2.11). As a provoking comment, let us first point
out that the A-symmetry (2.11) is as large as the Diff(M)-symmetry (2.10) (supposing that
the rank of B is equal to the dimension of M) and is present only when B # 0, so a stringy
symmetry by nature. Indeed this is a broad hint that there will be a radical change of
physics when B # 0 — the new physics due to the #-deformation in the table 1.

To proceed with a general context, let us first discuss a geometrical interpretation of
the A-symmetry without specifying low energy effective theories. Suppose that the two-
form B € A?(M) is closed in M, i.e., dB = 0, and nondegenerate, i.e., nowhere vanishing
in M.?2 One can then regard the two-form B as a symplectic structure on M and the
pair (M, B) as a symplectic manifold. The symplectic geometry is a less intuitive type of

! Although we will focus on the open string theory, our arguments in this section also hold for a closed
string theory where the string worldsheet ¥ is a compact Riemann surface without boundary, so the last
term in eq. (2.9) is absent.

In string theory, H = dB € A*(M) is not necessarily zero. We don’t know much about this case, so
we will restrict to the symplectic case. But the connection with the generalized geometry, to be shortly
discussed later, might be helpful to understand more general cases.



geometry but it should be familiar with classical mechanics, especially, the Hamiltonian
mechanics [32] and, more prominently, quantum mechanics.

The symplectic geometry respects an important property, known as the Darboux the-
orem [33], stating that every symplectic manifold of the same dimension is locally indis-
tinguishable. More precisely, let (M,w) be a symplectic manifold. Then in a neighbor-
hood of each P € M, there is a local coordinate chart in which w is a constant, i.e.,
(M,w) = (R®,3"dq" A dp;). For our purpose, we will use its refined version - the Moser
lemma [34] - describing a cohomological condition for two symplectic structures to be equiv-
alent. Given two-forms w and ' such that [w] = [w] € H?*(M) and w; = w + t(w' — w)
is symplectic V¢ € [0,1], then there exists a diffeomorphism ¢; : M — M such that
¢; (w¢) = w. This implies that all w; are related by coordinate transformations generated
by a vector field X; satisfying

tx,wi +A=0 (2.12)

where w’ — w = dA. In terms of local coordinates, there always exists a coordinate trans-
formation ¢, whose pullback maps w’ = w + dA to w, i.e., ¢1 : y — x = x(y) so that
o §opB
S () = n(0) (213)

The Moser lemma (2.13) stating that the symplectic manifolds (M, wp) and (M,w:)
are strongly isotopic is a global statement and will be applied to our problem as follows.
For a symplectic manifold (M,w; = B + F) where F' = dA, by the Darboux theorem, one
can always find a local coordinate chart (U;y!,--- ,y?") centered at p € M and valid on
the neighborhood U such that wy(p) = %Babdy“ A dy® where By, is a constant symplectic
matrix of rank 2n. Then there are two symplectic structures on U; the given w; = B+ F
and wp = B. Consider a smooth family w; = wp + t(w1 — wp) of symplectic forms joining
wp to w1. Now the Moser lemma (2.13) implies that there exists a global diffeomorphism
¢ : M xR — M such that ¢} (w;) = wp, 0 < ¢ < 1. If there exists such a diffeomorphism, in
terms of the associated time-dependent vector field X; = % o, ! one would have for all
0 <t <1that Lx,w:i+ % = 0 which can be reduced to eq. (2.12). One can pointwise solve
the Moser’s equation (2.12) to obtain a unique smooth family of vector fields Xy, 0 <t <1,
generating the global diffeomorphism ¢; satisfying % = X;0¢¢. So everything boils down
to solving the Moser’s equation (2.12) for X;.

First one may solve the equation (2.12) at ¢ — 0 to determine Xy = Xy(y) on U
in terms of the Darboux coordinates y* and extend to all 0 < ¢ < 1 by integration [35].
After integration, one can find a local isotopy ¢ : U x [0,1] — M with ¢} (w;) = wg for
all ¢ € [0,1]. Let us denote the resulting coordinate transformation ¢ (y) on U generated
by the vector field X; as z%(y) = y* + X¢(y). (Compare the result with eq. (2.22) where
X{(y) = Gabgb(y).) This is the result we want to get from the data (M,w; = B + F)
by performing a coordinate transformation (2.13) onto a local Darboux chart. Therefore
sometimes we will simply refer the Darboux theorem to eq. (2.13) in a loose sense as long
as the physical meaning is clear.

The string action (2.9) indicates that, when B # 0, its natural group of symme-
tries includes not only the diffeomorphism (2.10) in Riemannian geometry but also the



(I) Riemannian geometry (IT) Symplectic geometry

Riemannian manifold (M, g): Symplectic manifold (M, w):
M a smooth manifold M a smooth manifold
and g : TM®@TM — R and w € A*(M)
a nondegenerate symmetric bilinear form | a nondegenerate closed 2-form, i.e., dw =0
Equivalence principle: Darboux theorem:
Locally, (M, g) = (R*"," dat ® dz,,) Locally, (M,w) = (R?",>"dq" A dp;)

Table 2. Riemannian geometry vs. Symplectic geometry.

A-symmetry (2.11) in symplectic geometry. According to the Darboux theorem (precisely,
the Moser lemma stated above), the local change of symplectic structure due to the A-
symmetry (2.11) (or the B-field transformation) can always be translated into a diffeomor-
phism symmetry as in eq. (2.13). This fact implies that the A-symmetry (2.11) should be
considered as a par with diffeomorphisms. It turns out [3] that the Darboux theorem in
symplectic geometry plays the same role as the equivalence principle in general relativity
for the geometrization of the electromagnetic force. These geometrical structures inherent
in the string action (2.9) are summarized below.

Therefore we need a generalized geometry when B # 0 which treats both Riemannian
geometry and symplectic geometry on equal footing.? Such kind of generalized geometry
was introduced by N. Hitchin [4] in 2002 and further developed by M. Gualtieri and G. R.
Cavalcanti [5]. Generalized complex geometry unites complex and symplectic geometries
such that it interpolates between a complex structure J and a symplectic structure w by
viewing each as a complex (or symplectic) structure J on the direct sum of the tangent
and cotangent bundle E = TM & T*M. A generalized complex structure J : E — E is a
generalized almost complex structure, satisfying J2 = —1 and J* = —7, whose sections
are closed under the Courant bracket?

(X +&Y +nje=[X, Y]+ Lxn— Ly§ - %d(m —y€), (2.14)

where Lx is the Lie derivative along the vector field X and d () is the exterior (interior)
product.

%A Riemannian geometry is defined by a pair (M, g) where the metric g encodes all geometric infor-
mations while a symplectic geometry is defined by a pair (M,w) where the 2-form w encodes all. See the
table 2. A basic concept in Riemannian geometry is a distance defined by the metric. One may identify
this distance with a geodesic worldline of a “particle” moving in M. On the contrary, a basic concept in
symplectic geometry is an area defined by the symplectic structure. One may regard this area as a minimal
worldsheet swept by a “string” moving in M. Amusingly, the Riemannian geometry is probed by particles
while the symplectic geometry would be probed by strings. But we know that a Riemannian geometry (or
gravity) is emergent from strings ! This argument, though naive, glimpses the reason why the #-deformation
in the table 1 goes parallel to the a’-deformation.

“When H = dB is not zero, the Courant bracket on F is ‘twisted’ by the real, closed 3-form H in the
following way

(X +&Y +nlu =[X+&Y +nle+wviex H.

See [5] for more details, in particular, a relation to gerbes.



An important point in generalized geometry is that the symmetries of E, i.e., the
endomorphisms of E (the group of orthogonal Courant automorphisms of F), are the com-
position of a diffeomorphism of M and a B-field transformation defined by e?(X + ¢) =
X 4+ €&+ 1xB for any X + £ € E, where B is an arbitrary closed 2-form. This B-field
transformation can be identified with the A-symmetry (2.11) as follows. Let (M, B) be a
symplectic manifold where B = d¢, locally, by the Poincaré lemma. The A-symmetry (2.11)
can then be understood as a shift of the canonical 1-form, £ — £ — A, which is the B-field
transformation with the identification A = —:x B. With this notation, the B-field trans-
formation is equivalent to B — B 4+ Lx B since dB = 0. We thus see that the generalized
complex geometry provides a natural geometric framework to incorporate simultaneously
the two local symmetries in eq. (2.10) and eq. (2.11). That is,

Courant automorphism = Diff(M) & A — symmetry. (2.15)

One can introduce a generalized metric on T'M & T* M by reducing the structure group
U(n,n) to U(n) x U(n). It turns out [5] that the metric on TM & T M compatible with
the natural pairing (X +&,Y +n) = (£(Y)+n(X)) is equivalent to a choice of metric g on
TM and 2-form B.> We now introduce a DBI “metric” g+ B : TM — T*M which maps
X to & = (9+kB)(X). Consider the Courant automorphism (2.15) which is a combination
of a B-field transformation followed by a diffeomorphism ¢ : M — M

X +&— ¢ X + ¢ (€ +xB). (2.16)
The above action transforms the DBI metric g + kB according to
g+ KB — ¢" <g +w(B+ LXB)>. (2.17)

The Moser lemma (2.13) then implies that there always exists a diffeomorphism ¢ such
that ¢*(B + LxB) = B. In terms of local coordinates ¢ : y — = = x(y), eq. (2.17) then
reads as

oy° oyt
/ _ /
(94 7B )ap(@) = 5= (9 () + KBus(1)) 525 (2.18)
where B’ = B + Lx B and
dr® Oz
gézb(y) = 8—yaa—ybgaﬁ($)- (2.19)

One can immediately see that the diffeomorphism (2.18) between two different DBI met-
rics is a direct result of the Moser lemma (2.13). We will see that the identity (2.18)
leads to a remarkable relation between symplectic (or Poisson) geometry and complex (or

Riemannian) geometry.

® A reduction to U(n) x U(n) is equivalent to the existence of two generalized almost complex structures
Ji,J2 where J1 and J2 commute and a generalized Kéhler metric G = —J1 72 is positive definite. This
structure is known as the generalized Kéhler or bi-Hermitian structure [5]. Any generalized Kéhler metric

G takes the form
G —g7'B g"\ (10 0gt 10
" \g9g—-Bg'BBg '] \B1 g 0 -B 1)’

which is the B-field transformation of a bare Riemannian metric g as long as the 2-form B is closed.
Interestingly the metric part g — Bg~'B : TM — T*M in the generalized Kihler metric G is exactly of the
same form as the open string metric in a B-field [22].
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2.3 DBI action as a generalized geometry

We observed that the presence of a nowhere vanishing (closed) 2-form B in spacetime M
calls for a generalized geometry, where the two local symmetries in eq. (2.15) are treated
on equal footing. A crucial point in the generalized geometry is that the space A%(M) of
closed 2-forms in M appears as a part of spacetime geometry, as embodied in eq. (2.18),
in addition to the Diff(M) symmetry being a local isometry of Riemannian geometry. This
suggests that, when B # 0, it is possible to realize a completely new geometrization of
a physical force based on symplectic geometry rather than Riemannian geometry. So a
natural question is: What is the force ?

We will show that the force is indeed the electromagnetic force and there exists a
novel form of the equivalence principle, i.e., the Darboux theorem, for the geometrization
of the electromagnetism. In other words, eq. (2.13) implies that there always exists a
coordinate transformation to locally eliminate the electromagnetic force as long as the
D-brane worldvolume M supports a symplectic structure B, i.e., M becomes a NC space.
Furthermore, U(1) gauge transformations in NC spacetime become a ‘spacetime’ symmetry
rather than an ‘internal’ symmetry, which already suggests that the electromagnetism in
NC spacetime can be realized as a geometrical property of spacetime like gravity.

Let us now discuss the physical consequences of the generalized geometry, especially,
the implications of the A-symmetry (2.11) in the context of the low energy effective theory
of open strings in the background of an NS-NS 2-form B. We will use the effective field
theory description in order to broadly illuminate what kind of new physics arises from a
field theory in the B-field background, i.e., a NC field theory. It will provide a clear-cut
picture about the new physics though it is not quite rigorous. In the next section we will
put the arguments here on a firm foundation using the background independent formulation
of NC gauge theory.

A low energy effective field theory deduced from the open string action (2.9) describes
an open string dynamics on a (p + 1)-dimensional D-brane worldvolume. The dynamics
of D-branes is described by open string field theory whose low energy effective action is
obtained by integrating out all the massive modes, keeping only massless fields which are
slowly varying at the string scale k = 2wa/. For a Dp-brane in closed string background
fields, the action describing the resulting low energy dynamics is given by

§=— 2T / @ o /det(g + /(B + F)) + O(JROF,---),  (2.20)

gs(2mK) 2
where F' = dA is the field strength of U(1) gauge fields. The DBI action (2.20) respects
the two local symmetries, (2.10) and (2.11), as expected.

a Q0

(I) Diff(M)-symmetry: Under a local coordinate transformation ¢! : 2% — 2’* where

worldvolume fields also transform in usual way

dx® 9P

(B + Fale’) = G g

B+ F)as(x) (2.21)

together with the metric transformation (2.6), the action (2.20) is invariant.
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(IT) A-symmetry: One can easily see that the action (2.20) is invariant under the trans-
formation (2.11) with any 1-form A.

Note that ordinary U(1) gauge symmetry is a special case of eq. (2.11) where the
gauge parameter A is exact, namely, A = d\, so that B — B, A — A+ d\. Indeed the
U(1) gauge symmetry is a diffeomorphism (known as a symplectomorphism) generated by
a vector field X satisfying LxB = 0. We see here that the gauge symmetry becomes a
‘spacetime’ symmetry rather than an ‘internal’ symmetry, as well as an infinite-dimensional
and non-Abelian symmetry when B is nowhere vanishing. This fact unveils a connection
between NC gauge fields and spacetime geometry.

The geometrical data of D-branes, that is a derived category in mathematics, are spec-
ified by the triple (M, g, B) where M is a smooth manifold equipped with a Riemannian
metric g and a symplectic structure B. One can see from the action (2.20) that the data
come only into the combination (M, g, B) = (M, g+ kB), which is the DBI metric (2.17)
to embody a generalized geometry. In fact the ‘D-manifold’ defined by the triple (M, g, B)
describes the generalized geometry [4, 5] which continuously interpolates between a sym-
plectic geometry (|JxBg~!| > 1) and a Riemannian geometry (|xBg~!| < 1). An important
point is that the electromagnetic force F' should appear in the gauge invariant combination
) = B + F due to the A-symmetry (2.11), as shown in eq. (2.20). Then the Darboux
theorem (2.13) with the identification w’ = Q and w = B states that one can “always”
eliminate the electromagnetic force F' by a suitable local coordinate transformation as far
as the 2-form B is nondegenerate. Therefore the Darboux theorem in symplectic goemetry
bears an analogy with the equivalence principle in section 2.1.

Let us represent the local coordinate transform ¢ : y — = = z(y) in eq. (2.13) as
follows

2% (y) =y + 0P Ay(y), (2.22)

where 6% is a Poisson structure on M, i.e., §% = (%)abﬁ This particular form of expression
has been motivated by the fact that w/, () = we(y) in the case of F = dA = 0, so the
second term in eq. (2.22) should take care of the deformation of the symplectic structure
coming from F' = dA. As was shown above, U(1) gauge transformations are generated by
a Hamiltonian vector field X satisfying ¢tx, B + d\ = 0 and the action of X on z%(y) is
given by

oz (y) = Xa(z?) = {z%, Ao
= 0% (A + { Ay, A}g), (2.23)

where the last expression presumes a constant #%. The above transformation will be
identified with the NC U(1) gauge transformation after a NC deformation, so A,(y) turns
out to be NC gauge fields. The coordinates z?(y) in (2.22) will play a special role, since
they are background independent [23] as well as gauge covariant [36].

A Poisson structure is a skew-symmetric, contravariant 2-tensor 6§ = 0%, A9, € \*> T'M which defines
a skew-symmetric bilinear map {f, gte = (0, df ® dg) = 0°°0, fOug for f,g € C°°(M), so-called, a Poisson
bracket. So we get 0°°(y) = {y*, y°}o.
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We showed before that the local equivalence (2.13) between symplectic structures
brings in the diffeomorphic equivalence (2.18) between two different DBI metrics, which in
turn leads to a remarkable identity between DBI actions [37]:

/dp+1x\/det(g(m) + k(B + F)(z)) = /dp+1y\/det (h(y) + kB(y)). (2.24)
Note that gauge field fluctuations now appear as an induced metric on the brane given by

Ox® OxP
hav(y) = a—yaa—ybgaﬁ(x)- (2.25)

The identity (2.24) can also be obtained by considering the coordinate transformations (2.6)
and (2.21) satisfying (B’ + F')ap(2’) = Bay(2z'). This kind of coordinate transformation
always exists thanks to the Darboux theorem (2.13). Note that all these underlying struc-
tures are very parallel to general relativity (see section 2.1). For instance, considering the
fact that a diffeomorphism ¢ € Diff(M) acts on E as X + ¢ — ¢ X + ¢*¢, we see that
the covariant coordinates x%(y) in eq. (2.22) correspond to the locally inertial coordinates
€*(x) in eq. (2.1) while the coordinates y® play the same role as the laboratory Cartesian
coordinates z* in eq. (2.3).

We will now discuss important physical consequences we can get from the iden-
tity (2.24).

(1) The identity (2.24) says that gauge field fluctuations on a rigid D-brane are equivalent
to dynamical fluctuations of the D-brane itself without gauge fields. Indeed this
picture is omnipresent in string theory with the name of open-closed string duality
although it is not formulated in this way.

(2) The identity (2.24) cannot be true when B = 0, i.e., spacetime is commutative. In
this case the A-symmetry is reduced to ordinary U(1) gauge symmetry. The gauge
symmetry has no relation to a diffeomorphism symmetry and it is just an internal
symmetry rather than a spacetime symmetry.

(3) Let us consider a curved D-brane in a constant B-field background whose shape is
described by an induced metric hq,. We may consider the right-hand side of eq. (2.24)
with a constant Beonst as the corresponding DBI action. The induced metric hy, can
be represented as in eq. (2.25) with a flat metric gog(x) = d43. The nontrivial shape
of the curved D-brane described by the metric hy;, can then be translated in the left-
hand side of eq. (2.24) into a nontrivial condensate of gauge fields on a flat D-brane
given by

Bab(x) = (Bconst + Fback(x))ab- (2.26)
The converse is also suggestive. Any symplectic 2-form on a noncompact space can
be written as the form (2.26) where Bonst 1S an asymptotic value of the 2-form

Bap(x), ie., Fpaek(x) — 0 at || — oo. And the gauge field configuration Fi ()
can be interpreted as a curved D-brane manifold in the Bgongt background. Thus
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we get an intriguing result that a curved D-brane with a canonical symplectic 2-
form (or a constant Poisson structure) is equivalently represented as a flat D-brane
with an inhomogeneous symplectic 2-form (or a nonconstant Poisson structure). Our
argument here also implies a fascinating result that Beonst, @ uniform condensation of
gauge fields in a vacuum, would be a ‘source’ of flat spacetime. Later we will return
to this point with an elaborated viewpoint.

One can expand the right-hand side of eq. (2.24) around the background B, arriving
at the following result [37]

/ @y, [det (h(y) + <B(y))

1
= /dp+1y \/ det(l{B) <1 + mgacgbd{xa, xb}e{xc, xd}a + ... ) (2.27)

where {2%,2°}¢ is a Poisson bracket (defined in footnote 6) between the covariant
coordinates (2.22). For constant B and g, eq. (2.27) is equivalent to the IKKT
matrix model [38] after a quantization a la Dirac, i.e., {2 2}y = —i[2%, 2%],, which
is believed to describe the nonperturbative dynamics of the type IIB string theory.
Furthermore one can show that eq. (2.27) reduces to a NC gauge theory, using the
relation

(7,2, = —i(6(F - B)@)“b (2.28)

where the NC field strength is given by
Fop = 0, Ay — 0y Aq — i[Aq, Ay, (2.29)

Therefore the identity (2.24) is, in fact, the Seiberg-Witten equivalence between com-
mutative and NC DBI actions [22].

It was explicitly demonstrated in [3, 12] how NC gauge fields manifest themselves as a
spacetime geometry, as eq. (2.27) glimpses this geometrization of the electromagnetic
force. Surprisingly it turns out [12] that self-dual electromagnetism in NC spacetime
is equivalent to self-dual Einstein gravity. (We rigorously show this equivalence in
appendix A.) For example, U(1) instantons in NC spacetime are actually gravitational
instantons [11]. This picture also reveals a beautiful geometrical structure that self-
dual NC electromagnetism perfectly fits with the twistor space describing curved
self-dual spacetime. The deformation of symplectic (or Kéhler) structure of a self-
dual spacetime due to the fluctuation of gauge fields appears as that of complex
structure of the twistor space.

All these properties appearing in the geometrization of electromagnetism may be
summarized in the context of derived category. More closely, if M is a complex
manifold whose complex structure is given by J, we see that dynamical fields in
the left-hand side of eq. (2.24) act only as the deformation of symplectic structure
Q(x) = B+F(z) in the triple (M, J, ), while those in the right-hand side of eq. (2.24)
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appear only as the deformation of complex structure J'(y) in the triple (M’, J’, B)
through the metric (2.25). In this notation, the identity (2.24) can thus be written
as follows

(M, J,Q) = (M',J',B). (2.30)

The equivalence (2.30) is very reminiscent of the homological mirror symmetry [39],
stating the equivalence between the category of A-branes (derived Fukaya category
corresponding to the triple (M, J,2)) and the category of B-branes (derived category
of coherent sheaves corresponding to the triple (M’, J', B)).

There is a subtle but important difference between the Riemannian geometry and
symplectic geometry. Strictly speaking, the equivalence principle in general relativity is
a point-wise statement at any given point P while the Darboux theorem in symplectic
geometry is defined in an entire neighborhood around P. This is the reason why there
exist local invariants, e.g., curvature tensors, in Riemannian geometry while there is no
such kind of local invariant in symplectic geometry.” This raises a keen puzzle about how
Riemannian geometry is emergent from symplectic geometry though their local geometries
are in sharp contrast to each other.

We suggest a following resolution. A symplectic structure B is nowhere vanishing.
In terms of physicist language, this means that there is an (inhomogeneous in general)
condensation of gauge fields in a vacuum, i.e.,

(Bab(2))vac = 0, (). (2.31)

Let us consider a constant symplectic structure for simplicity. The background (2.31) then
corresponds to a uniform condensation of gauge fields in a vacuum given by (A%) .. =
—Bayy?. Tt will be suggestive to rewrite the covariant coordinates (2.22) as (actually to
invoke a renowned Goldstone boson ¢ = (¢) + h)®

2°(y) = 0" (~(A)vac + Ap(v) ) (2.32)

This naturally suggests some sort of spontaneous symmetry breaking where y® are vacuum
expectation values of x%(y), specifying the background (2.31) as usual, and A,(y) are
fluctuating (dynamical) coordinates (fields).

If the equivalence principle held over an entire neighborhood of a point P, curvature tensors would
identically vanish. Indeed the existence of local invariants such as Riemann curvature tensors results from
the implicit assumption that it is always possible to discriminate total gravitational fields between two
arbitrary nearby spacetime points (see section 2.1). This exhibits a sign that there will be a serious conflict
between the equivalence principle and the Heisenberg’s uncertainty principle. In this perspective, it seems
like a vain attempt to mix with water and oil to try to quantize Einstein gravity itself, which is based on
Riemann curvature tensors of which the equivalence principle is in the heart.

5In this respect, it would be interesting to quote a recent comment of A. Zee [40]: “The basic equation
for the graviton field has the same form g¢u, = Muv + hyw. This naturally suggests that 1., = (guv) and
perhaps some sort of spontaneous symmetry breaking.” We will show later that this pattern is not an
accidental happening.
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Note that the vacuum (2.31) picks up a particular symplectic structure, introducing a
typical length scale ||f|| = [2.. This means that the A-symmetry G in eq. (2.11) is spon-
taneously broken to the symplectomorphism H preserving the vacuum (2.31) [3]. The A-
symmetry is the local equivalence between two symplectic structures belonging to the same
cohomology class. But the transformation in eq. (2.11) will not preserve the vacuum (2.31)
except its subgroup generated by the gauge parameter A = d\ which is equal to the NC
U(1) gauge symmetry (2.23).° So the deformations of the vacuum manifold (2.31) by NC
gauge fields take values in the coset space G/H, which is equivalent to the gauge orbit
space of NC gauge fields or the physical configuration space of NC electromagnetism [3].
The spontaneous symmetry breaking also explains why only ordinary U(1) gauge symme-
try is observed at large scales > [,.. We argued in [3] that the spontaneous symmetry
breaking (2.31) will explain why Einstein gravity, carrying local curvature invariants, can
emerge from symplectic geometry.!® In other words, Riemannian geometry would simply
be a result of coarse-graining of symplectic geometry at the scales 2 [,,. like as the Einstein
gravity in string theory where the former simply corresponds to the limit o/ — 0.

3 Emergent gravity

Sometimes a naive reasoning also suggests a road in mist. What is quantum gravity
? Quantum gravity means to quantize gravity. Gravity, according to Einstein’s general
relativity, is the dynamics of spacetime geometry which is usually described by a Hausdorff
space M while quantization ¢ la Dirac will require a phase space structure of spacetime
as a prequantization. The phase space structure of spacetime M can be specified by
introducing a symplectic structure w on M. Therefore our naive reasoning implies that
the pair (M,w), a symplectic manifold, might be a proper starting point for quantum
gravity, where fluctuations of spacetime geometry would be fluctuations of the symplectic
structure w and the quantization of symplectic manifold (M, w) could be performed via the
deformation quantization a la Kontsevich [31].11 This state of art is precisely the situation
we have encountered in the previous section for the generalized geometry emerging from
the string theory (2.9) when B # 0.

A symplectic structure B = %Babdy“ A dy® defines a Poisson structure #% = (B~1)
on M (see footnote 6) where a,b = 1,...,2n. From now on, we will refer to a constant
symplectic structure unless otherwise specified. The Dirac quantization with respect to
the Poisson structure § then leads to a quantum phase space (1.3). And the argument in

9We will show later that a constant shift of the symplectic structure, B — B’ = B+ 6B, does not affect
any physics, so a symmetry of the theory, although it readjusts the vacuum (2.31).

"Here we are not saying that symplectic geometry is missing an important ingredient. Instead our
physics simply requires to distinguish the background (nondynamical) and fluctuating (dynamical) parts of
a symplectic structure. This will be a typical feature appearing in a background independent theory.

HThis quantization scheme is different from the usual canonical quantization of gravity where metrics ¢
and their conjugates 7, constitute fundamental variables for quantization, i.e., a phase space (g,7y). We
believe that the conventional quantization scheme is much like an escapade to quantize an elasticity of solid
(e.g., sound waves) or hydrodynamics and it is supposed to be failed due to the choice of wrong variables
for quantization, since it turns out that Riemannian metrics are not fundamental variables but collective
(or composite) variables.
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section 2.3 also explains why a condensation of gauge fields in a vacuum, eq. (2.31), gives
rise to the NC spacetime (1.3), i.e.,

(Bahvac = (0 v & [y 1" =0 & [a;,al] = 0, (3.1)

where a; and a;r. with ¢,7 = 1,--- ,n are annihilation and creation operators, respectively,
in the Heisenberg algebra of an n-dimensional harmonic oscillator.

It is a well-known fact from quantum mechanics that the representation space of NC
R?" is given by an infinite-dimensional, separable Hilbert space

H=A|7) =|n1, -+ ,np), n;=0,1,---} (3.2)

which is orthonormal, i.e., (7i|7) = 077 and complete, i.e., > > |7)(7| = 1. Note that
every NC space can be represented as a theory of operators in the Hilbert space H, which
consists of NC x-algebra Ay like as a set of observables in quantum mechanics. Therefore
any field d e Ay in the NC space (3.1) becomes an operator acting on H and can be
expanded in terms of the complete operator basis

A@ - {‘ﬁ><m’7 ni7mj = 07 17 ot }7 (33)

that is,
D(y) = D Piamli) (7. (3.4)
7,1
One may use the ‘Cantor diagonal method’ to put the n-dimensional positive integer lat-
tice in H into a one-to-one correspondence with the infinite set of natural numbers (i.e.,
1-dimensional positive integer lattice): |fi) < |n), n = 1,--- N — oo. In this one-
dimensional basis, eq. (3.4) can be relabeled as the following form

Bly) = D B n)(ml. (3.5)

n,m=1

One can regard ®,,, in eq. (3.5) as components of an N x N matrix ® in the N — oo
limit. We then get the following relation [1, 2, 14]:

Any field on NC R* = N x N matrix at N — oc. (3.6)

If ® is a real field, then ® should be a Hermitian matrix. The relation (3.6) means that a
NC field can be regarded as a master field of a large N matrix.

We have to point out that our statements in the previous section about emergent
geometries should be understood in the ‘semi-classical’ limit where the Moyal-Weyl com-
mutator, —i[f,gl, can be reduced to the Poisson bracket {f,g}s. Now the very notion of
a point in NC spaces such as eq. (3.1) is doomed but replaced by a state in H. So the
usual concept of geometry based on smooth manifolds would be replaced by a theory of
operator algebra, e.g., NC geometry a la Connes [41], or a theory of deformation quantiza-
tion @ la Kontsevich [31]. Thus our next mission is how to lift our previous ‘semi-classical’
arguments to the full NC world. A nice observation to do this is that a NC algebra Ay
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generated by the NC coordinates (1.3) is mathematically equivalent to the one generated
by the NC phase space (1.1).

In classical mechanics, the set of possible states of a system forms a Poisson manifold
and the observables that we want to measure are smooth functions in C*°(M), forming
a commutative (Poisson) algebra. In quantum mechanics, the set of possible states is a
Hilbert space H and the observables are self-adjoint operators acting on H, forming a
NC *-algebra. Pleasingly, there are two paths to represent the NC algebra. One is the
matrix mechanics where the observables are represented by matrices in an arbitrary basis
in H. The other is the deformation quantization where, instead of building a Hilbert space
from a Poisson manifold and associating an algebra of operators to it, the quantization is
understood as a deformation of the algebra of classical observables. We are only concerned
with the algebra to deform the commutative product in C*°(M) to a NC, associative
product. Two approaches have one to one correspondence through the Weyl-Moyal map [1].

Similarly, there are two different realizations of the NC algebra Ay. One is the “matrix
representation” we already introduced in eq. (3.6). The other is to map the NC *-algebra
Ay to a differential algebra using the inner automorphism, a normal subgroup of the full
automorphism group, in A4y. We call it “geometric representation”, which will be used
in section3.2. The geometric representation is quite similar to the dynamical evolution
of a system in the Heisenberg picture in which the time-evolution of dynamical variables
is defined by the inner automorphism of the NC %-algebra generated by the coordinates
in eq. (1.1). Of course, the two representations of a NC field theory should describe an
equivalent physics. Now we will apply these two pictures to NC field theories to see what
the equivalence between them implies.

3.1 Matrix representation

First we apply the matrix representation (3.6) to NC U(1) gauge theory on RP = R“é xR3,
where the d-dimensional commutative spacetime Rcé will be taken with either Lorentzian

12 We will be brief since most technical details could be found

or Euclidean signature.
in [14]. We decompose D-dimensional coordinates X (M = 1,--- , D) into d-dimensional
commutative ones, denoted as z* (u = 1,--- ,d), and 2n-dimensional NC ones, denoted
as y* (a = 1,---,2n), satisfying the relation (3.1). Likewise, D-dimensional gauge fields

Ap(z,y) are also decomposed in a similar way

~

Dy = Oy —iAp(z,y) = (ﬁu,Da)(Z,y)
= (Dy, —ikBup®")(2,y) (3.7)

2The generalized Darboux theorem was proved in [5], stating that any m-dimensional generalized com-
plex manifold, via a diffeomorphism and a B-field transformation, looks locally like the product of an open
set in C* with an open set in the standard symplectic space (RQm_2k7Edqi A dp;). The integer k is
called the type of the generalized complex structure, which is not necessarily constant but may rather vary
throughout the manifold — the jumping phenomenon. The type can jump up, but always by an even
number. Here we will consider the situation where the type k is constant over the manifold.
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where 1/5“ = Oy — iA\H(z,y) are covariant derivatives along R¢ and (I\’a(z,y) =
/@Bab@b(z,y) = By2(z,y) are adjoint Higgs fields of mass dimension defined by the co-
variant coordinates (2.22).

Here, the matrix representation means that NC U(1) gauge fields EM(z,y) =
(EM, U,)(z,y) are represented as N x N matrices in the N — oo limit as eq. (3.5), i.e.,

[e.e]

m(z9) = Y Em)am(2) [n)(ml. (3.8)

n,m=1

[

Note that the N x N matrices Zp/(2) = (Au, Vo)(2) in eq. (3.8) are now regarded as gauge

and Higgs fields in U(N — oo) gauge theory on d-dimensional commutative spacetime

RZ. One can then show that, adopting the matrix representation (3.8), the NC U(1)
n

gauge theory on R x R37%, is “exactly” mapped to the U(N — 0o) Yang-Mills theory on
d-dimensional spacetime Rcé

1 ~ ~
SB = -7 /dDX(FMN—BMN)*(FMN—BMN)
49y v
@2rk)2" [ 4 (1 1 1 bo
=———"— [ d%Tr | -F,L,F*" 4+ =D, ®*DH'd* — —[D* 3.9
277-93 / Zlr <4 H + 9 I 4[ ] ) ( )
. 0 . .
where the matrix By;y = 0B is the background symplectic 2-form (3.1) of rank 2n.
ab

For notational simplicity, we have hidden all constant metrics in eq. (3.9). Otherwise, we
refer [14] for the general expression.

We showed before that U(1) gauge symmetry in NC spaces is actually a spacetime
symmetry (diffeomorphisms generated by X vector fields satisfying £x B = 0) where the
NC U(1) gauge transformation acts on the covariant derivatives in (3.7) as

Dy — D)y = U(X) % Dy » U(X) ™ (3.10)

for any NC group element U (X) € U(1). Indeed the idea that NC gauge symmetries are
spacetime symmetries was discussed long ago by many people. An exposition of these
works can be found in [2]. The gauge transformation (3.10) can be represented in the
matrix representation (3.5). The gauge symmetry now acts as unitary transformations on
the Fock space H which is denoted as Ucp (H). This NC gauge symmetry Uept (H) is so large
that Uepe(H) D U(N) (N — o0) [42]. The NC U(1) gauge transformations in eq. (3.10)
are now transformed into U(V) gauge transformations on Rdc (where we complete Uept (H)
with U(NV) in the limit N — oo0) given by

(Dys Wa) = (Dy; W) = U(2)(Dy, W,)U(2) " (3.11)

for any group element U(z) € U(NN). Thus a NC gauge theory in the matrix representation
can be regarded as a large N gauge theory.

As was explained above, the equivalence bewteen a NC U(1) gauge theory in higher
dimensions and a large N gauge theory in lower dimensions is an exact map. What is the
physical consequence of this exact equivalence 7
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Indeed one can get a series of matrix models from the NC U(1) gauge theory (3.9).
For instance, the IKKT matrix model for d = 0 [38], the BFSS matrix model for d =1 [43]
and the matrix string theory for d = 2 [44]. The most interesting case is that the 10-
dimensional NC U(1) gauge theory on R‘é x R is equivalent to the bosonic part of
4-dimensional N' = 4 supersymmetric U(N) Yang-Mills theory, which is the large N gauge
theory of the AdS/CFT duality [24]. Note that all these matrix models or large N gauge
theories are a nonperturbative formulation of string or M theories. Therefore it should not
be so surprising that a D-dimensional gravity could be emergent from the d-dimensional
U(N — o0) gauge theory, according to the large N duality or AdS/CFT correspondence
and thus from the D-dimensional NC gauge theory in eq. (3.9). We will show further
evidences that the action (3.9) describes a theory of (quantum) gravity.

A few remarks are in order.

(1) The equivalence (3.9) raises a far-reaching question about the renormalization prop-
erty of NC field theory. If we look at the first action in eq. (3.9), the theory su-
perficially seems to be non-renormalizable for D > 4 since the coupling constant
952/ M m*~P has a negative mass dimension. But this non-renormalizability appears
as a fake if we use the second action in eq. (3.9). The resulting coupling constant,

4—d

denoted as g2 ~ m*~% in the matrix action (3.9) depends only on the dimension of

the commutative spacetime rather than the entire spacetime [14].

The change of dimensionality is resulted from the relationship (3.6) where all depen-
dence of NC coordinates appears as matrix degrees of freedom. An important point
is that the NC space (1.3) now becomes an n-dimensional positive integer lattice
(fibered n-torus T", but whose explicit dependence is mysteriously not appearing
in the matrix action (3.9)). Thus the transition from commutative to NC spaces
accompanies the mysterious cardinality transition ¢ la Cantor from aleph-one (real
numbers) to aleph-null (natural numbers). Of course this transition is akin to that
from classical to quantum world in quantum mechanics. The transition from a con-
tinuum space to a discrete space should be radical even affecting the renormalization
property [45].

Actually the matrix regularization of a continuum theory is an old story, for in-
stance, a relativistic membrane theory in light-front coordinates (see, for example, a
review [46] and references therein). The matrix regularization of the membrane the-
ory on a Riemann surface of any genus is based on the fact that the symmetry group
of area-preserving diffeomorphisms can be approximated by U(N). This fact in turn
alludes that adjoint fields in U(NN) gauge theory should contain multiple branes with
arbitrary topologies. In this sense it is natural to think of the matrix theory (3.9) as
a second quantized theory from the point of view of the target space [46].

(2) From the above construction, we know that the number of adjoint Higgs fields ®¢ is
equal to the rank of the B-field (3.1). Therefore the matrix theory in eq. (3.9) can
be defined in different dimensions by changing the rank of the B-field. This change
of dimensionality appears in the matrix theory as the ‘matrix T-duality’ (see section
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VLA in [46]) defined by'?
iD, = o, (3.12)

Applying the matrix T-duality (3.12) to the action (3.9), on one hand, one can arrive
at the 0-dimensional IKKT matrix model (in the case of Euclidean signature) or the
1-dimensional BFSS matrix model (in the case of Lorentzian signature). On the other
hand, one can also go up to D-dimensional pure U(N) Yang-Mills theory given by

1

Sc = —
49%/1\4

/ dP XTr Fryy FMY, (3.13)

Note that the B-field is now completely disappeared, i.e., the spacetime is commu-
tative. In fact the T-duality between eq. (3.9) and eq. (3.13) is an analogue of the
Morita equivalence on a NC torus stating that NC U(1) gauge theory with rational
6 = M/N is equivalent to an ordinary U(N) gauge theory [22].

(3) One may notice that the second action in eq. (3.9) can also be obtained by a dimen-
sional reduction of the action (3.13) from D-dimensions to d-dimensions. However
there is a subtle but important difference between these two.

A usual boundary condition for NC gauge fields in eq. (3.9) is that ﬁMN — 0 at
|X| — o0. So the following maximally commuting matrices

(@40 =0 = o°=diag(¢?,---,90%), Va (3.14)

could not be a vacuum solution of eq. (3.9) (see eq. (2.28)), while they could be for
the Yang-Mills theory dimensionally reduced from eq. (3.13). The vacuum solution
of eq. (3.9) is rather eq. (3.1).

A proper interpretation for the contrast will be that the flat space R?" in eq. (3.9) is
not a priori given but defined by (or emergent from) the background (3.1). (We will
show this fact later.) But, in eq. (3.13), a flat D-dimensional spacetime R already
exists, so it is no longer needed to specify a background for the spacetime, contrary
to eq. (3.9). It was shown by Witten [47] that the low-energy theory describing
a system of N parallel Dp-branes in flat spacetime is the dimensional reduction of
N =1, (9+1)-dimensional super Yang-Mills theory to (p + 1) dimensions. The
vacuum solution describing a condensation of N parallel Dp-branes in flat spacetime
is then given by eq. (3.14). So a natural inference is that the condensation of N
parallel Dp-branes in eq. (3.14) is described by a different class of vacua from the
background (3.1).

'30ne can change the dimensionality of the matrix model by any integer number by the matrix T-
duality (3.12) while the rank of the B-field can be changed only by an even number. Hence it is not
obvious what kind of background can explain the NC field theory with an odd number of adjoint Higgs
fields. A plausible guess is that there is a 3-form Cy., which reduces to the 2-form B in eq. (3.1) by a
circle compactification, so may be of M-theory origin. Unfortunately, we don’t know how to construct a
corresponding NC field theory with the 3-form background, although very recent developments seem to go
toward that direction.
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3.2 (Geometric representation

Now we move onto the geometric representation of a NC field theory. A crux is that
translations in NC directions are an inner automorphism of the NC x-algebra Ay generated
by the coordinates in eq. (3.1),

o~k Bavy” | Fe,y) + otk Bavy® _ Flzsy + k) (3.15)

~

for any f(z,y) € Ap. Its infinitesimal form defines the inner derivation (1.4) of the algebra
Ap. It might be worthwhile to point out that the inner automorphism (3.15) is nontrivial
only in the case of a NC algebra. In other words, commutative algebras do not possess any
inner automorphism. In addition, eq. (3.15) clearly shows that (finite) space translations
are equal to (large) gauge transformations.'* It is a generic feature in NC spaces that an
internal symmetry of physics turns into a spacetime symmetry, as we already observed in
eq. (2.23).

If electromagnetic fields are present in the NC space (3.1), covariant objects, e.g.,
eq. (3.7), under the NC U(1) gauge transformation should be introduced. As an innocent
generalization of the inner automorphism (3.15), let us consider the following “dynamical”
inner automorphism

— o~

eka)M N f(X) . e_ka)M — W(X’ Ck) * (X + k;) *W(X, Ck)—l (3.17)

where ~
H'Dy = (X, C) % X Om (3.18)

with Oy = (0, —iBapy®) and we used eqs.(3.15) and (3.16) which can be summarized with
a compact form

~

kM onr o f(X) xe kMom _ X +E). (3.19)

To understand eq. (3.17), first notice that ek Dar s a covariant object under NC U(1)
gauge transformations according to eq. (3.10) and so one can get

ekMﬁM — ekMﬁ?W = ﬁ(X) *ekMﬁM *ﬁ(X)*l
U

(X) « W(X,Cp) % U(X + k)" b Om (3.20)

11t may be interesting to compare with a similar relation on a commutative space
" [z y)e™ % = f(z + Ly). (3.16)

A crucial difference is that translations in commutative space are an outer automorphism since e g
not an element of the underlying %x-algebra. So every points in commutative space are distinguishable, i.e.,
unitarily inequivalent while every “points” in NC space are indistinguishable, i.e., unitarily equivalent. As a
result, one loses the meaning of “points” in NC spacetime. This is a consequence of the fact that the set of
prime ideals defining the spectrum of the algebra Ay is rather small for 6 # 0 contrary to the commutative
case. Note that, after turning on £, the relation (3.16) turns into an inner automorphism of NC algebra
generated by the NC phase space (1.1) since "% = e7!"Pr is now an algebra element. Another intriguing
difference is that the translation in (3.16) is parallel to the generator d, while the translation in (3.15) is
transverse to the generator y® due to the antisymmetry of Bgy. It would be interesting to contemplate this
fact from the perspective in the footnote 3.
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where eq. (3.19) was used. eq. (3.20) indicates that /W(X, C%) is an extended object whose
extension is proportional to the momentum k. Indeed W (X, Cy}) is the open Wilson line,
well-known in NC gauge theories, defined by

—

1 o~
W(X.Cy) = Poesp(s /0 d00,6" (0) Ans (X +€(0))). (3.21)

where P, denotes path ordering with respect to the x-product along the path C} parame-
terized by
M(o) = kMo, (3.22)

The most interesting feature in NC gauge theories is that there do not exist local gauge
invariant observables in position space as eq. (3.15) shows that the ‘locality’ and the ‘gauge
invariance’ cannot be compatible simultaneously in NC space. Instead NC gauge theories
allow a new type of gauge invariant observables which are nonlocal in position space but
localized in momentum space. These are the open Wilson lines in eq. (3.21) and their
descendants with arbitrary local operators attached at their endpoints. It turns out [48]
that these nonlocal gauge invariant operators behave very much like strings ! Indeed this
behavior might be expected from the outset since both theories carry their own non-locality
scales set by o (string theory) and 6 (NC gauge theories) which are equally of dimension
of (length)?, as advertised in the table 1.

The inner derivation (1.4) in the presence of gauge fields is naturally covariantized by
considering an infinitesimal version of the dynamical inner automorphism (3.17)'

_ J af(X
adp, [I(X) = 1D, Flu(X) = DY (e D) 4
= DAfI(X) + O, (3.23)
where D'} = ¢’} since we define [9,,, F(X)], = aggf). It is easy to check that the covariant

inner derivation (3.23) satisfies the Leibniz rule and the Jacobi identity, i.e.,

adp [f*g) = adp [fl«G+ f *adp, (9], (3.24)

(adf)A * adﬁB — adf)B * adf)A) [f] = ad[ﬁmﬁB}*[f]' (3.25)

In particular, one can derive from eq. (3.25) the following identities

~

ad s, 5.1 FI(X) = =i[Fag, fl(X) = [Da, Dp][f](X) +--- (3.26)

ladg,,ladp ,adp ][ fI(X) = —i[DaFpo, fld(X) = Rapc™ (X)Ou f(X) + -+ . (3.27)

Note that the ellipses in the above equations correspond to higher order derivative correc-
tions generated by generalized vector fields D A

We want to emphasize that the leading order of the map (3.23) is nothing but the
Poisson algebra. It is well-known [32] that, for a given Poisson algebra (C*°(M),{-, }s),

5From now on, for our later purpose, we denote the indices carried by the covariant objects in eq. (3.7)
with A, B, --- to distinguish them from those in the local coordinates X . The indices A, B, --- will be
raised and lowered using the flat Lorentzian metric n4® and nagp.
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there exists a natural map C*°(M) — T'M : f — X between smooth functions in C*°(M)
and vector fields in 7'M such that

Xi(9) =19, f}o (3.28)

for any g € C°°(M). Indeed the assignment between a Hamiltonian function f and the
corresponding Hamiltonian vector field X is the Lie algebra homomophism in the sense

Xifgre = —[X¢, Xy (3.29)

where the right-hand side represents the Lie bracket between the Hamiltonian vector
fields. One can see that the Hamiltonian vector fields on M are the limit where the star-
commutator —i[D 4, f\]* is replaced by the Poisson bracket {D4, f} or the Lie derivative
Lp,(f)-

The properties, (3.24) and (3.25), show that the adjoint action (3.23) can be identified
with the derivations of the NC algebra 4y, which naturally generalizes the notion of vector
fields. In addition their dual space will generalize that of 1-forms. Noting that the above NC
differential algebra recovers the ordinary differential algebra at the leading order of NC de-
formations, it should be obvious that almost all objects known from the ordinary differential
geometry find their counterparts in the NC case; e.g., a metric, connection, curvature and
Lie derivatives, and so forth. Actually, according to the Lie algebra homomorphism (3.29),
Da(X) = D%(X)a%aM in the leading order of the map (3.23) can be identified with ordi-
nary vector fields in TM where M is any D-dimensional (pseudo-)Riemannian manifold.
More precisely, the D-dimensional NC U(1) gauge fields Dy (X) = (ﬁﬂ,ﬁa)(X) at the
leading order appear as vector fields (frames in tangent bundle) on a D-dimensional man-
ifold M given by

a 9 b 9

DuX) =0, + AYX) 5, DulX) = DhX) (3.30)

where R R

0A 0A
Al = gL D) =680 — o= 3.31
n ayb ) a a ayc ( )

Thus the map in eq. (3.23) definitely leads to the vector fields

Da(X) = (0 + A%a, D50y) (3.32)

or with matrix notation'®

DY(X) = <5g‘ g%) : (3.33)

We notice that this structure shares a striking similarity with the Kaluza-Klein construction of non-
Abelian gauge fields from a higher dimensional Einstein gravity [49]. (Our matrix convention is swapping
the row and column in [49].) We will discuss in section 5 a possible origin of the similarity between the
Kaluza-Klein theory and the emergent gravity. A very similar Kaluza-Klein type origin of gravity from
NC gauge theory was also noticed in the earlier work [8] where it was shown that a particular reduction
of NC gauge theory captures the qualitative manner in which NC gauge transformations realize general
covariance.
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One can easily check from eq. (3.31) that D4’s in eq. (3.32) take values in the Lie algebra
of volume-preserving vector fields, i.e., OMD% = 0. One can also determine the dual basis
DA = D{,dX™ € T*M defined by eq. (A.1) which is given by

DA(X) = (dz*, Vi(dy" — Abdz")) (3.34)
or with matrix notation
v _VaAb
Dy(xX)y=|"» bk 3.35
() (0 v ) (335)

where VDb = 60,

Through the dynamical inner automorphism (3.17), NC U(1) gauge fields A (X)
or U(N — oo) gauge-Higgs system (A,,®%) in the action (3.9) are mapped to vector
fields in TM (to be general “a NC tangent bundle” T'Mpy) defined by eq. (3.23). This
is a remarkably transparent way to get a D-dimensional gravity emergent from NC gauge
fields or large N gauge fields. We provide in appendix A a rigorous proof of the equivalence
between self-dual NC electromagnetism and self-dual Einstein gravity, originally first shown
in [12], to illuminate how the map (3.23) achieves the duality between NC gauge fields and
Riemannian geometry.

Now our next goal is obvious; the emergent gravity in general. Since the equation of
motion (A.34) for self-dual NC gauge fields is mapped to the Einstein equation (A.22) for
self-dual four-manifolds, one may anticipate that the equations of motion for arbitrary NC
gauge fields would be mapped to the vacuum Einstein equations, in other words,

~an 2 B 1
D Fyp =0 <= EMN:RMN_igMNR:O (3.36)
together with the Bianchi identities
N ?
D[AFBC] =0 <= RM[ABC] =0. (337)

(We will often use the notation Uiapc) =Tapc+TBca+Tcas for the cyclic permutation
of indices.) After some thought one may find that the guess (3.36) is not a sound reasoning
since it should be implausible if arbitrary NC gauge fields allow only Ricci flat manifolds.
Furthermore we know well that the NC U(1) gauge theory (3.9) will recover the usual
Maxwell theory in the commutative limit. But if eq. (3.36) is true, the Maxwell has been
lost in the limit. Therefore we conclude that the guess (3.36) must be something wrong.
We need a more careful musing about the physical meaning of emergent gravity. The
emergent gravity proposes to take Einstein gravity as a collective phenomenon of gauge
fields living in NC spacetime much like the superconductivity in condensed matter physics
where it is understood as a collective phenomenon of Cooper pairs (spin-0 bound states
of two electrons). It means that the origin of gravity is the collective excitations of NC
gauge fields at scales ~ [2, = |f| which are described by a new order parameter, probably
of spin-2, and they should be responsible to gravity even at large scales > [, like as
the classical physics emerges as a coarse graining of quantum phenomena when h < 1
(the correspondence principle). Therefore the emergent gravity presupposes a spontaneous
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symmetry breaking of some big symmetry (see the table 3) to trigger a spin-2 order param-
eter (graviton as a Cooper pair of two gauge fields). If any, “the correspondence principle”
for the emergent gravity will be that it should recover the Maxwell theory (possibly with
some other fields) coupling to the Einstein gravity in commutative limit |#| — 0 or at large
distance scales > I,,..'7 Then the Maxwell theory will appear in the right-hand side of the
Einstein equation as an energy-momentum tensor, i.e.,

Eyy = o Tvn (3.38)

where Gp is the gravitational Newton constant in D dimensions.

Let us first discuss the consequence of the gravitational correspondence principle post-
poning to section 5 the question about the existence of spin-2 bound states in NC spacetime.
According to the above scheme, we are regarding the NC U(1) gauge theory in eq. (3.9)
as a theory of gravity. Hence the parameters, gy s and |0|, defining the NC gauge theory
should be related to the gravitational Newton constant G'p defining the emergent gravity
in D dimensions. A dimensional analysis (recovering A and ¢ too) simply shows that

GDh2

~ 9YM|Pf9| (3.39)

where 2n is the rank of 8. Suppose that gy s is nonzero and always ¢ = 1 in eq. (3.39).
One can take a limit |#| — 0 and h — 0 simultaneously such that Gp is nonzero. In this
limit we will get the classical Einstein gravity coupling with the Maxwell theory which
we are interested in. Instead one may take a limit || — 0 and Gp — 0 simultaneously,

but & # 0. This limit will correspond to quantum electrodynamics On the other hand,
G ph?
t =

|P£o|

the classical Maxwell theory will correspond to the limi

Gp — 0, h—0and |0 — 0.8
We will check the above speculation by showing that eq. (3.38) is correct equations

gy u = constant, when

of motion for emergent gravity. Indeed we will find the Einstein gravity with the energy-
momentum tensor given by Maxwell fields and a “Liouville” field related to the volume
factor in eq. (3.48). But we will see that the guess (3.37) is generally true. Note that
self-dual gauge fields have a vanishing energy-momentum tensor that is the reason why the
self-dual NC gauge fields simply satisfy the relation in eq. (3.36).

We will use the notation in appendix A with obvious minor changes for a D-dimensional
Lorentzian manifold. Define structure equations of the vectors D4 € T M as

[Da, D] = —fa5°Dc (3.40)

"This is not to say that the electromagnetism is only relevant to the emergent gravity. The weak and
the strong forces should play a role in some way which we don’t know yet. But we guess that they will
affect only a microscopic structure of spacetime since they are short range forces. See section 4 for some
related discussion.

8 As a completely different limit, one may keep |0 nonzero while gya — 0. Note that this limit does
not necessarlly mean that NC gauge theories are non- 1nteracting since, for an adjoint scalar field a; as

an example, Dod = Oudp — 18 A a,d)]* = 9t + QYMCQ %’;‘g aa_zﬁ + .-+, recovering the original form of

gauge coupling. gYJ}YLfCQ can be nonzero depending on the limit under control. The relation (3.39) implies
that there exist gravitational (Gp # 0) and non-gravitational (Gp = 0) theories for the case at hand.
Unfortunately we did not understand what they are.

,26,



where fap" = 0, VA, B for the basis (3.32). From the experience of the self-dual case,
we know that the vector fields D4 are related to the orthonormal frames (vielbeins) F 4
by D4 = AE4 where the conformal factor A will be determined later. (This situation is
reminiscent of the string frame (D 4) and the Einstein frame (E4) in string theory.) Hence
the D-dimensional metric is given by

ds® = nABEA ® EP
= MnapD? @ DB = N2yupDi, DE dXxM @ ax™ (3.41)
where E4 = ADA. In particular, the dual basis (3.34) determines its explicit form up to a
conformal factor as [50]
ds? = \2 <nwdz“dz” + 6 VAVE(dy© — A°)(dy? — Ad)) (3.42)
where A = AZdz“. The structure function f4 5% is also conformally mapped to eq. (A.11)
with
f48° = Afas® — Dalog A\6% + Dplog MS. (3.43)

In the case of D =4, eq. (3.26) immediately shows that the leading order of self-dual
NC gauge fields described by eq. (A.34) reduces to the following self-duality equation

1
fag? = i§5ABCDf(;DE. (3.44)

We proved in appendix A that the metric (3.42) satisfying eq. (3.44) describes self-dual
Einstein manifolds where the conformal factor A? is given by eq. (A.32).

Now let us fix the conformal factor A? in the metric (3.41). By an SO(d—1,1) x SO(2n)
rotation of basis vectors F 4, we can impose the condition that

fBa” =4 =(3—D)Eslog A (3.45)

and eq. (3.43) in turn implies
fa” = pa=2Dalog \. (3.46)
Note that fap" = 0, VA, B which is the reason why one has to use only SO(d—1,1)xSO(2n)

rotations to achieve the condition (3.45) (see the footnote 23 for a similar argument for
self-dual gauge fields). eq. (3.45) means that the vector fields E4 are volume preserving
with respect to a D-dimensional volume form v = A\3—P )Ug where

v, =E'A---AEP (3.47)

and then the vector fields D4 are volume preserving with respect to the volume form
op = A2y . (See eq. (A.31) for its proof.) Therefore we get!'?

2
A :UD(Dl,--- ,DD). (348)
90One can directly check eq. (3.46) as follows. Acting Lp, on both sides of eq. (3.48),
we get LDA(UD(DLH- 7l)D)) = (LDAUD)(Dh'" 7DD) + ZE:IUD(DL"' ,Lp,Dp,--- 7DD) =
(Lpaop)(D1,-++,Dp) + S 5_,op(D1,-+,[Da,Dpl,-++ ,Dp) = (V- Da + fa®)op(D1,--- ,Dp) =

(2Dalog N)vp(D1, -+ ,Dp). Since Lp,op = (V- Da)op = 0, eq. (3.46) is deduced. Conversely, if
fBAB =2Dalog A, Da’s all preserve the volume form vp, i.e., Lp,op = (V-Da)op =0.
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Since (9MD% = 0, we know that the invariant volume is given by vp = dz' A--- A dz? A
dy' A --- Ady®". Therefore we finally get

M = det™ V2. (3.49)
In terms of the structure functions one can get the map in eq. (3.27)
—i[DaFpc, fle = (Dafac® — fpcZfap”) Dplf] + - . (3.50)

In other words, one can get the following maps for the equations of motion and the
Bianchi identities

DAFap =0 <= 8 (DAchD - chEfAED) =0, (3.51)

DiuFpey =0 <= Dufper” — fipe®iae” = 0. (3.52)

The spacetime geometry described by the metric (3.41) or (3.42) is an emergent gravity
arising from NC gauge fields whose underlying theory is defined by the action (3.9). The
fundamental variables in our approach are of course gauge fields which should be subject to
egs.(3.51) and (3.52). A spacetime metric is defined by NC (or non-Abelian) gauge fields
and regarded as a collective variable (a composite or bilinear of gauge fields). Therefore
our goal is to show that the equations of motion (3.51) for NC gauge fields together with
the Bianchi identity (3.52) can be rewritten using the map (3.23) as the Einstein equation
for the metric (3.41). In other words, the Einstein equation Eyn = 87GpTisn is nothing
but the equation of motion for NC gauge fields represented from the (emergent) spacetime
point of view.

Our strategy is the following. First note that the Riemann curvature tensors defined
by eq. (B.6) have been expressed with the orthonormal basis E4. Since we will impose on
them egs.(3.51) and (3.52), it will be useful to represent them with the gauge theory basis
D 4. As a consequence, it will be shown that Einstein manifolds emerge from NC gauge
fields after imposing egs.(3.51) and (3.52). All calculations can straightforwardly be done
using the relations (3.43) and (B.10). All the details show up in appendix B.

The result is very surprising. The emergent gravity derived from NC gauge fields
predicts a new form of energy which we call the “Liouville” energy-momentum tensor.
Indeed this form of energy was also noticed in [17] with a nonvanishing Ricci scalar. The
terminology is attributed to the following fact. The vector fields D 4 are volume preserving
with respect to the symplectic volume vp (see the footnote 19). Thus vp is constant
along integral curves of D4, in which case D4 are called incompressible with respect to
vp and which is known as the Liouville theorem in Hamiltonian mechanics [32]. (See [30]
for the Liouville theorem in curved spacetime.) Superficially this seems to imply that
spacetime behaves like an incompressible fluid so that spacetime volume does not change
along the flow generated by the vector field D 4. But we have to be careful to interpret the
geometrical meaning of the Liouville theorem because the symplectic volume v p is different
from the Riemannian volume v, = AP~y in eq. (3.47). Furthermore, as we showed in
appendix B, the vector field D4 contributes to both sides of the Einstein equation (3.38).
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So the spacetime volume given by b, can change along the flow described by the vector
field D4 and its shape may also change in very complicated ways. But this kind of a local
expansion, distortion and twisting of spacetime manifold will spend some energy, which
should be supplied from the right-hand side. This picture may be clarified by looking at
the so-called Raychaudhuri equation [51, 52].

The Raychaudhuri equation is evolution equations of the expansion, shear and rotation
of flow lines along the flow generated by a vector field in a background spacetime. Here we
introduce an affine parameter 7 labeling points on the curves of the flow. Given a timelike

unit vector field u™, i.e., uMuy; = —1, the Raychaudhuri equation in D dimensions is
given by

6—&%+2MN2MN—QMNQMN+ﬁ®2 = —RuynuMu. (3.53)
0 =uM v represents the expansion/contraction of volume and 0 = % while oM =

uM ; ~ulY represents the acceleration due to nongravitational forces, e.g., the Lorentz force.

Yun and Qprn are the shear tensor and the vorticity tensor, respectively, which are all

M

orthogonal to uM, ie., Synu’¥ = Quyu’ = 0. The Einstein equation (3.38) can be

rewritten as 1
RMN = 87TGD (TMN — §gMNTPP) (354)

where Tyyny = E]‘\A;IEJ{;,TAB. In four dimensions, one can see from eq. (3.54) that the right-
hand side of eq. (3.53) is given by

— RynuMuy = —2—1\2uMuN(pMpN +UyPN) — 87TG4T]$/IA§\;UMUN (3.55)
where the Lorentzian energy-momentum tensor in eq. (3.54) can be read off from eq. (B.37)
and eq. (B.38) having in mind the footnote 26.

Suppose that all the terms except the expansion evolution © on the left-hand side of
eq. (3.53) as well as the Maxwell term T}%@ in eq. (3.55) vanish or become negligible. In
this case the Raychaudhuri equation reduces to

: 1
0= —2—)\2uMuN(pMpN + WU y). (3.56)

Note that the Ricci scalar is given by R = ﬁgMN(pMpN + U Uy). Therefore R < 0

when pjr and W), are timelike while R > 0 when pj; and W), are spacelike. Remember
that our metric signature is (— + 4++). So, for the timelike perturbations, © < 0 which
means that the volume of a three dimensional spacelike hypersurface orthogonal to ups
decreases. However, if spacelike perturbations are dominant, the volume of the three
dimensional spacelike hypersurface can expand. For example, consider the most symmetric
perturbations as in eq. (B.50), i.e.,

1 1
(papB) = ZW‘B/%’ (Ua¥p) = Z??AB‘I%- (3.57)

More precisely, one can decompose the perturbation (3.56) into trace (scalar), anti-
symmetric (vector) and symmetric-traceless (tensor) parts. Since we look at only the scalar
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perturbation in eq. (3.53), simply assume that the vector and tensor modes are negligible
for some reasons, e.g., the cosmological principle. In this case, eq. (3.56) becomes

0= &gMN(pMpN + Uy Uy) > 0. (3.58)
The perturbation (3.57) does not violate the energy condition since u™u® Tﬁ ])V =
WQMN(PMPN + Uy ¥n) > 0. See eq. (3.95). This means that the spacetime ge-
ometry is in a de Sitter phase. Thus we see that the Liouville energy-momentum tensor
can act as a source of gravitational repulsion. We will further discuss in section 3.4 this
energy as a plausible candidate of dark energy.

Up to now we have considered fluctuations around the vacuum (3.1) corresponding to a
uniform condensation of gauge fields. In this case if we turn off all fluctuations, i.e., A m =0
in eq. (3.23), the metric (3.41) or (3.42) simply reduces to a flat spacetime. We have to
point out that the fluctuations need not be small. Our ignorance of the next leading order,
O(6?), in eq. (3.23) corresponds to the limit of slowly varying fields, v2ra/|25| < 1, in the
sense keeping field strengths (without restriction on their size) but not their derivatives [3].
Since the Ricci curvature (B.27) is purely determined by fapc ~ Fap (see eq. (B.39)),
this approximation corresponds to the limit of slowly varying curvatures compared to the
NC scale |§] ~ [2. but without restriction on their size. This implies that NC effects
should be important for a violently varying spacetime, e.g., near the curvature singularity,
as expected.

3.3 General NC spacetime

Now the question is how to generalize the emergent gravity picture to the case of a nontrivial
vacuum, e.g., eq. (2.26), describing an inhomogeneous condensate of gauge fields. The
Poisson structure ©%(z) = (5)%(x) is nonconstant in this case, so the corresponding NC
field theory is defined by a nontrivial star-product

[V, Y =i0%(Y) (3.59)

where Y denote vacuum coordinates which are designed with the capital letters to distin-
guish them from y for the constant vacuum (3.1). The star product [f, gz for f,:q\ € Ao
can be perturbatively computed via the deformation quantization [31]. There are excellent
earlier works [53] especially relevant for the analysis of the DBI action as a generalized
geometry though a concrete formulation of NC field theories for a general NC spacetime is
still out of reach.

Recall that we are interested in the commutative limit so that

~ilf g1 = o) 200 200
={f,gle+ - (3.60)

for f,ﬁ € Ag. Using the Poisson bracket (3.60), we can similarly realize the Lie algebra
homomophism C*(M) — TM : f — Xj; between a Hamiltonian function f and the
corresponding Hamiltonian vector field X;. To be specific, for any given function f €
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C*>(M), we can always assign a Hamiltonian vector field X defined by X¢(g) = {9, f}e
with some function g € C°°(M). Then the following Lie algebra homomophism holds

Xitgre = —[Xf, Xy] (3.61)

as long as the Jacobi identity for the Poisson bracket {f,g}e holds or, equivalently, the
Schouten-Nijenhuis bracket for the Poisson structure ©% vanishes [31].

Furthermore there is a natural automorphism D(%) which acts on star-products [31]:

%9 =DM (DM (f)* DH)(9)) (3.62)
In the commutative limit where D(h) =~ 1, eq. (3.62) reduces to the following condition

{f.9Ye = {f, g} (3.63)
Let us explain what eq. (3.63) means. For f = Y?(y) and g = Y?(y), eq. (3.63) implies that

v oyt

ab __pe
ON(Y) =6

(3.64)

whose statement is, of course, equivalent to the Moser lemma (2.13). Also notice that
eq. (3.63) defines diffeomorphisms between vector fields X}(g) = {g, f}e and X;(g) =
{9, f }¢ such that

/1 a

Indeed the automorphism (3.62) corresponds to a global statement that the two star-
products involved are cohomologically equivalent in the sense that they generate the same
Hochschild cohomology [31].

It is still premature to know the precise form of the full NC field theory defined by
the star product (3.60). Even the commutative limit where the star commutator reduces
to the Poisson bracket in eq. (3.60) still bears some difficulty since the derivatives of ©
appear here and there. For example,

af bcaBad d 8f
ave "9 ayr Y aye

{Bab(y)yba f}@ = (366)

In particular, {B.,,(Y)Y?, fle # %. There is no simple way to realize the derivative
% as an inner derivation.?’ Now we will suggest an interesting new approach for the
nontrivial background (2.26) based on the remark (3) in section 2.3.

Let us return to the remark (3). Denote the nontrivial B-field in eq. (2.26) as

Bay(x) = (B + F())ab (3.67)

20To be precise, we have to point out that the extra term in eq. (3.66) can be ignored under the limit
of our consideration. We are considering the limit of slowly varying fields where the derivative of field
strengths is ignored (see the last paragraph in section 3.2). Then eq. (3.66) defines the inner derivation
in this limit. We expect the analysis in this limit will be very straightforward. But we will not push to
this direction because the coming new approach seems to provide a more clear insight for the emergent
geometry.
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where By, = (9_1)ab describes a constant background such as eq. (3.1) while F'(z) = dA(z)
describes an inhomogeneous condensate of gauge fields. Then the left-hand side of eq. (2.24)
is of the form g + (B + F) where F = dA with A(z) = A(z) + A(z). It should be
completely conceivable that it can be mapped to the NC gauge theory of the gauge field
A(x) in the constant B-field background according to the Seiberg-Witten equivalence [22].
Let us denote the corresponding NC gauge field as ga = §a + éa. The only notable point
is that the gauge field Xa has an inhomogeneous background part Ea and éa describes
fluctuations around this background. This situation should be familiar, for example, with
a gauge theory in an instanton (or soliton) background.

So everything goes parallel to the previous case. We will suppose a general situation
so that the background gauge fields gu(z,y) as well as Eb(z,y) depend on z#. Let us
introduce the following covariant coordinates

XUz y) =y + 0P A(2,y) = y* + 0PBy(2,y) +0°Cy(z,y)
= Y(2,y) + 0°°Cy(z.y) (3.68)

where we identified the vacuum coordinates Y* in eq. (3.59) because we have to recover
them after completely turning off the fluctuation Cj,. Now the covariant derivative Dj; in
eq. (3.7) can be defined in the exactly same way

Dy = 0ar — iApi(2,y) = (Dp, —iBay X°) (2, 9) (3.69)

where Oy; = (0, —iBapy®). In addition the NC fields Dy in eq. (3.69) (see the footnote 15)
can be mapped to vector fields in the same way as eq. (3.23).

Since the results in section 3.2 can be applied to arbitrary NC gauge fields in the
constant B-field, the same formulae can be applied to the present case at hand with the
understanding that the vector fields D4 in eq. (3.23) refer to total gauge fields including
the background. This means that the vector fields Dy = AE4 € TM reduce to Dy = A\E4
after completely turning off the fluctuations where Dy is determined by the background
(Op — ’L'A\M(Z, y), —iBapY?(2,y)) and X satisfies the relation

N =vp(Dy,---,Dp). (3.70)
Therefore the metric for the background is given by

ds® = nABEA ® EP
= MnapD? @ DB = N2napDy, DR dXM @ dx™. (3.71)

Of course we have implicitly assumed that the background D, also satisfies eqs.(3.51)-
(3.52). In four dimensions, for instance, we know that the metric (3.71) describes Ricci-flat
four manifolds if D, satisfies the self-duality equation (3.44).

Now let us look at the picture of the right-hand side of eq. (2.24). After applying the
Darboux transform (2.13) for the symplectic structure (3.67), the right-hand side becomes
of the form hyy(y) + K(Bapy + Sap(y)) where

B ox® OxP

Sav(y) = a—yaa—beaﬁ(ﬁﬂ) = 0ap(y) — OpAa(y) (3.72)
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and the metric hgp(y) is given by eq. (2.25). Note that in this picture the gauge fields 2, (y)
are regarded as fluctuations propagating in the background hg,(y) and Bg,. Therefore it
would be reasonable to interpret the right-hand side of eq. (2.24) as a NC gauge theory of
the gauge field 2, (y) defined by the canonical NC space (3.1) but in curved space described
by the metric hap(y).

Although the formulation of NC field theory in a generic curved spacetime is still a
challenging problem, we want to speculate on how to formulate the emergent gravity within
this picture since the underlying picture for the identity (2.24) is rather transparent. In this
regard, the results in [53] would be useful. In this approach the inhomogeneous condensate
of gauge fields in the vacuum (3.67) appears as an explicit background metric, which implies
that the metric (3.41) in this picture will be replaced by

ds®> = gABEA ® EP
= N2g,3D? @ DB = A2g 3D DS dX™ @ dxN (3.73)

where g4p is the metric in the space spanned by the noncoordinate bases E4 = AD4 [49).
Since the anholonomic basis D4 in eq. (3.73) is supposed to be flat when the fluctuations
are turned off, i.e., Fo = 0, the metric A2g4p will correspond to the background metric
hap(y) in the DBI action (2.24). Since the metric (3.73) has the Riemannian volume form
by = +/—gE'A--- A EP instead of eq. (3.47), the volume form vp = A?~Ply, in eq. (3.48)
will be given by

bp =+/—gA’D* A - ADP. (3.74)

So the function A in eq. (3.73) will satisfy the condition

V=gA*> =vp(Dy, -+, Dp). (3.75)

And it is easy to infer that /—gA? — 1 for vanishing fluctuations since D4 becomes flat
for that case.

According to the metric (3.73), the indices A, B, --- will be raised and lowered using
the metric gap. As usual, the torsion free condition (B.3) for the metric (3.73) will be
imposed to get the relation (B.4) where wapc = gBDwADC and fapc = gCDfABD. Since
gap is not a flat metric, wa®c in eq. (B.1) or eq. (B.2) will actually be the Levi-Civita
connections in noncoordinate bases rather than the spin connections, but we will keep the
notation for convenience. And the condition that the metric (3.73) is covariantly constant,

ie., V¢ (gABEA ® EB> = 0, leads to the relation [49]

1 1
WABC = 5 (Eagpc — Epgca + Ecgap) + 3 (faBc — feca+ fcaB). (3.76)

The curvature tensors have exactly the same form as eq. (B.6).

All the calculations in appendix B can be repeated in this case although the details
will be much more complicated. We will not perform this calculation since it seems to be
superfluous at this stage. But we want to draw some interesting consequences from the
natural requirement that the metric (3.73) must be equivalent to the metric (3.41) or (3.42)
in general, not only for backgrounds.
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Let us summarize the two pictures we have employed. Let us indicate the first picture
with (L) and the second picture with (R). When all fluctuations are vanishing, we have the
following results:

(L) : ds* = NapDy, DR dx™ @ dx™

— 32 (nwdz“dz” + 6 VAV (dy© — A°)(dy? — Ad)> (3.77)

op =dzt Ao Adzd Adyt A A dy®™ (3.78)

2\ = det~ Y2 (3.79)

(R) : ds® = A%gyndXM @ dx ¥ (3.80)
op =dzt Ao Adz Adyt A A dy®™ (3.81)
A2 L (3.82)

el
One can immediately see that (L) and (R) are equal each other if gy n = napD4, DR. In-
deed, this equivalence is nothing but the geometric manifestation of the equivalence (2.24).
Therefore we conjecture that the equivalence between the two pictures (L) and (R) remains
true even after including all fluctuations.

Now let us examine whether the action (3.9) allows a conformally flat metric as a
solution. First we point out that A2 = 1 for the flat metric gyn = nuN as eq. (3.82)
immediately shows. This can also be seen from the picture (L). Since we put A¢ = 0,
gMN = nu N corresponds to a coordinate transformation y® — ¢ such that Vb“dyb = dgy*.
This coordinate transformation can be expressed as D% = ggz using eq. (3.31). That is,
the coordinate ¢ is a solution of the equation D,j’ = ggz + {A\a,gb}g = 6. Thus we

can replace the vector field D, € T'M by % in the space described by the coordinates
(z#,9%). Then eq. (3.70) is automatically satisfied since the volume form (3.78) is equal to
op = det_l‘/}f dz' A ANdZENGE A NG = N2d2 A AdZE AN - - AdGP™. Because
we already put A\u = 0, the vector fields in T'M are now represented by D4 [f](z#,9%) =
(%, (%a)[f], which implies ¥V fap® = 0. Therefore A should be a constant due to the
relation (3.46).

Thereby we see that the conformally flat metric is instead given by the vector field
D4 = ¢(z,y)04, which corresponds to the coordinate transformations z# — ¥, y® — §®
such that dz# = ¢~ 'dz* and Vj2dy® = ¢'dg®. In this case the metric (3.77) and the
volume form (3.78) are given by

ds* = P~ %(nudztdz” + dj*dy®) (3.83)
op = dZ A AN AN AP (3.84)

where we used eq. (3.82), i.e., A2 = A2 = ¢”. For the vector field Dy = ¢(Z, )04, the
equation of motion (3.51) becomes

0={D*Fap, [}o = 0(0"00a0 + $0"040)0f — p(0"¢0pd + 60" 0p¢)0af  (3.85)

for any reference function f = f(Z,7).
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We will try two kinds of simple ansatz
(I): ¢ =¢(r) where 7= 2" (3.86)

2n
(II): ¢ =¢(p) where p* = 3" (3.87)
a=1

One can find for the ansatz (I) that eq. (3.85) leads to the equation d%( g—f) = 0 and so
¢(1) = v/T + 70. In four dimensions, this solution describes an expanding cosmological
solution [30, 52]. It is interesting that the expanding cosmological solution comes out from
“pure” NC electromagnetism (3.9) without any source term.?!

However, for the ansatz (II), we found that only ¢ = constant can be a solution. This
seems to be true in general. Hence we claim that a conformally flat metric for the ansatz (IT)
is trivial. A source term might be added to the action (3.9) to realize a nontrivial solution.
The solution for the ansatz (II) should be interesting because the AdS, x S? space with

q + 1 = 2n belongs to this class and it can be described by eq. (3.83) by choosing

L2
P2 == (3.88)
p
In particular, AdSs x S® space is given by the case, d = 4, n = 3, that is,
2 L2 S sV ~a j~a L2 S sV 2 2 2
ds® = ?(n,wdz dz¥ + dy'dy®) = ?(n,wdz dz¥ +dp*) + L*dQ:z. (3.89)

We hope to address in the near future what kind of source term should be added to get the
conformal factor (3.88). eq. (3.88) looks like a potential of codimension-2n Coulomb sources
in D dimensions when we identify the harmonic function H (p)ﬁ = ¢P=2 = L2 /p?, which
presumably corresponds to the vacuum (3.14).

3.4 Hindsights

We want to ponder on the spacetime picture revealed from NC gauge fields and the emer-
gent gravity we have explored so far.

The most remarkable picture emerging from NC gauge fields is about the origin of
flat spacetime, which is absent in Einstein gravity. Of course the notorious problem for
emergent time is elusive as ever. We will refer to the emergence of spaces only here, but
we will discuss in section 4 how “Emergent Time” would be defined in the context of
emergent gravity.

Note that the flat spacetime is a geometry of special relativity rather than general
relativity and the special relativity is a theory about kinematics rather than dynamics.
Hence the general relativity says nothing about the dynamical origin of flat spacetime

*'Tn comoving coordinates, the metric (3.83) is of the form ds? = —dt* + a(t)*dx> where t = %fw'% and
2
a(t)? = v*r = at3. Since a(t) o< t30+w) | we see that this metric corresponds to a universe characterized
by the equation of state p = p, i.e., w = 1. It has been argued in [54] that the p = p cosmology corresponds
to the most holographic background and the most entropic initial condition for the universe. We thank
Qing-Guo Huang for drawing our attention to [54].
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since the flat spacetime defining a local inertial frame is assumed to be a prior: given
without reference to its dynamical origin. So there is a blind point about the dynamical
origin of spacetime in general relativity.

Our scheme for the emergent gravity implies that the uniform condensation of gauge
fields in a vacuum (3.1) will be a source of flat spacetime. Now we will clarify the dynamical
origin of flat spacetime based on the geometric representation in section 3.2. We will equally
refer to the commutative spacetime Rcé with the understanding that it has been T-dualized
from a fully NC space (except time) in the sense of eq. (3.12) although the transition from
NC to commutative ones is mysterious (see the remark (1) in section 3.1). Therefore we
will regard 0, in eq. (3.23) as a background part since it is related to y*/ via the matrix
T-duality (3.12).

The basic principle for the emergent gravity is the map (3.23) or the correspon-
dence (3.28) between NC fields in Ay and vector fields in T'M. The most notable point
is that we necessarily need a Poisson (or symplectic) structure on M, viz., NC space-
time, to achieve the correspondence between Ay and I'(T'M), sections of tangent bundle
TM — M. Basically the -deformation (1.3) introduces the duality between NC gauge
fields and spacetime geometry. The crux is that there exists a novel form of the equiva-
lence principle, guaranteed by the global Moser lemma, for the electromagnetism in the
context of symplectic geometry. In this correspondence a flat spacetime is coming from
the constant background itself defining the NC spacetime (3.1). This observation, trivial
at the first glance, was the crucial point for the proposal in [15] to resolve the cosmological
constant problem.

We know that the uniform condensation of stress-energy in a vacuum will appear as
a cosmological constant in Einstein gravity. For example, if we shift a matter Lagrangian
Lyr by a constant A, that is,

this shift results in the change of the energy-momentum tensor of matter by Thny —
Tyn — Agun in the Einstein equation (3.38) although the equations of motion for matters
are invariant under the shift [21]. Definitely this A-term will appear as a cosmological
constant in Einstein gravity and it has an observable physical effect. For example, a flat
spacetime is no longer a solution of the Einstein equation in the case of A # 0.

The emergent gravity defined by the action (3.9) responds completely differently to
the constant shift (3.90). To be specific, let us consider a constant shift of the background
Byn — By + 0Byny. Then the action (3.9) in the new background becomes

~ 1
SpisB = SB+ /dDXFMN5BMN— 10

/ dDX(cSB]QWN—QBMN(SBMN). (3.91)
Iy M

203 s
The last term in eq. (3.91) is simply a constant and thus it will not affect the equations
of motion (3.51). The second term is a total derivative and so it will vanish if Fun well
behaves at infinity. (It is a defining property in the definition of a star product that
deXf *qg = deXf g. Then the second term should vanish as far as AM — 0 at
infinity.) If spacetime has a nontrivial boundary, the second term could be nonvanishing at
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the boundary which will change the theory under the shift. We will not consider a nontrivial
spacetime boundary since the boundary term is not an essential issue in the cosmological
constant problem, though there would be an interesting physics at the boundary. Then
we get the result Spisp = Sp. Indeed this is the Seiberg-Witten equivalence between NC
field theories defined by the noncommutativity 6’ = ﬁ and § = £ [22]. Although the
vacuum (3.1) readjusts itself under the shift, the Hilbert spaces Hg and Hy in eq. (3.2) are
completely isomorphic if and only if § and ¢’ are nondegenerate constants. Furthermore
the vector fields in eq. (3.23) generated by B + 0B and B backgrounds are equally flat as
long as they are constant. We also observed in eq. (B.44) that the background gauge field
does not contribute to the energy-momentum tensor.

Therefore we conclude that the constant shift of energy density such as eq. (3.90) is
a symmetry of the theory (3.9) although the action (3.9) defines a theory of gravity in
the sense of emergent gravity. Thus the emergent gravity is completely immune from the
vacuum energy. In other words, the vacuum energy does not gravitate unlike as Einstein
gravity. This was an underlying logic in [15] why the emergent gravity can resolve the
cosmological constant problem.

One has realized that the cosmological constant can be interpreted as a measure of the
energy density of the vacuum. One finds that the resulting energy density is of the form

1«1
Puac = 17 > 5 e ~ nkd (3.92)
k

where k4. is a certain momentum cutoff below which an underlying theory can be trusted.
Thus the vacuum energy (3.92) may be understood as a vast accumulation of harmonic os-
cillators in space. Note that the vacuum (3.1) is also the uniform condensation of harmonic
oscillators in space. The immune difference is that the harmonic oscillator in eq. (3.92) is
defined by the NC phase space (1.1) while the harmonic oscillator in eq. (3.1) is defined by
the NC space (1.3).

The current framework of quantum field theory, which has been confirmed by ex-
tremely sophisticated experiments, mostly predicts the vacuum energy of the order pyac ~
(10'8GeV)*. The real problem is that this huge energy couples to gravity in the framework
of Einstein gravity and so results in a bizarre contradiction with contemporary astronomical
observations. This is the notorious cosmological constant problem.

But we have observed that the emergent gravity shows a completely different picture
about the vacuum energy. The vacuum energy (3.92) does not gravitate regardless of how
large it is as we explained above. So there is no cosmological constant problem in emergent
gravity. More remarkable picture in emergent gravity is that the huge energy Mp; =
(87G)~1/2 ~ 10'8GeV is actually the origin of the flat spacetime. Here the estimation
of the vacuum energy for the condensate (3.1), for example, pyac ~ |Bap|? ~ MI% in four
dimensions, is coming from our identification of the Newton constant (3.39). In other
words, the emergent gravity says that a flat spacetime is not free gratis but a result of the
Planck energy condensation in a vacuum.

An important point is that the vacuum (3.1) triggered by the Planck energy conden-
sation causes the spacetime to be NC and the NC spacetime is the essence of emergent
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gravity. Since the flat spacetime is emergent from the uniform vacuum (3.1) and the Lorentz
symmetry is its spacetime symmetry, the dynamical origin of flat spacetime implies that
the Lorentz symmetry is also emergent from the NC spacetime (3.1). In addition, if the
vacuum (3.1) was triggered by the Planck energy condensation, the flat spacetime as well
as the Lorentz symmetry should be very robust against any perturbations since the Planck
energy is the maximum energy in Nature.

Furthermore the noble picture about the dynamical origin of the flat spacetime may
explain why gravity is so weak compared to other forces. Let us look at eq. (2.22). As we
know, y® is a background part defining a flat spacetime and the gauge field A\a describes
dynamical fluctuations around the flat spacetime. (As we mentioned at the beginning of
this section, the commutative space in eq. (3.7) can also be incorporated into this picture
using the T-duality (3.12).) One may imagine these fluctuations as shaking the background
spacetime lattice defined by the Fock space (3.2), which generates gravitational fields. But
the background lattice is very solid since the stiffness of the lattice is supposed to be the
Planck scale. In other words, the gravity generated by the deformations of the spacetime
lattice (3.2) will be very weak since it is suppressed by the background stiffness of the
Planck scale. So, ironically, the weakness of gravitational force may be due to the fact that
the flat spacetime is originated from the Planck energy.

The emergent gravity thus reveals a remarkably beautiful and consistent picture about
the origin of flat spacetime. Does it also say something about dark energy ?

Over the past ten or twenty years, several magnificent astronomical observations have
confirmed that our Universe is composed of 5 % ordinary matters and radiations while 23
% dark matter and 72 % dark energy. The observed value of the dark energy turned out
to be very very tiny, say,

Ap® < (10712GeV)* (3.93)

which is desperately different from the theoretical estimation (3.92) by the order of 10120,
What is the origin of the tiny dark energy (3.93) ?

We suggested in [15] that the dark energy (3.93) is originated from vacuum fluctuations
around the primary background (3.1). Since the background spacetime (3.1) is NC, any UV
fluctuations of the Planck scale Lp in the NC spacetime will be necessarily paired with IR
fluctuations of a typical scale Ly related to the size of cosmic horizon in our Universe due
to the UV/IR mixing [55]. A simple dimensional analysis shows that the energy density of
the vacuum fluctuation is of the order

1

Ap ~ ————
P IR

(3.94)
which is numerically in agreement with the observed value (3.93) up to a factor [15]. It
should be remarked that the vacuum fluctuation (3.94) will be an inevitable consequence if
our picture about the dynamical origin of flat spacetime is correct. If the vacuum (3.1) or
equivalently the flat spacetime is originated from the Planck energy condensation (it should
be the case if the identification (3.39) is correct), the energy density of the vacuum (3.1)
will be pyac ~ Mf;l which is the conventionally identified vacuum energy predicted by
quantum field theories. Thus it is natural to expect that cosmological fluctuations around
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the vacuum (3.1) or the flat spacetime will add a tiny energy Ap to the vacuum so that
the total energy density is equal to p ~ Mj%,l(l + %) since L%; = 8rG4 and L%{ =1/A
are only the relevant scales in the Einstein equation (3.38) with Thyny = —ﬁgMN =
—Mf;.l(f—g)QgMN [21]. Since the first term does not gravitate, the second term (3.94) will
be the leading contribution to the deformation of spacetime curvature, leading to possibly
a de Sitter phase. It should be remarked that the fluctuation (3.94) is of the finite size
Ly. So one cannot apply the argument (3.91) since Ap is not constant over the entire
spacetime even if it is constant over a Hubble patch.

Now we will argue that the Liouville energy (B.38) may (or can) explain the dark en-
ergy (3.94). First let us perform the Wick rotation for the energy-momentum tensor (B.38)
using the rule in the footnote 26 to get the Lorentzian energy-momentum tensor in the
4-dimensional spacetime. It is then given by

1
T]E/f) = pMPN + U ¥ N — —gun(ph + ‘I’?D)> (3.95)

167Gy N2 < 2

where ppr = 20 A and Wy = Eﬁ\I’ 4. First of all we emphasize that we already checked in
eq. (3.56) that it can exert a negative pressure causing an expansion of universe, possibly
leading to a de Sitter phase. We also pointed out below eq. (B.51) that it can behave
like a cosmological constant, i.e., p = —p, in a constant (or almost constant) curvature
spacetime. Another important property is that the Liouville energy (3.95) is vanishing for
the flat spacetime. So it should be small if the spacetime is not so curved.

To be more quantitative, let us consider the fluctuation (3.57) and look at the energy
density uMuv T]E/j[; ])V along the flow represented by a timelike unit vector u* as in eq. (3.55).
Note that the Riemannian volume is given by v, = Aoy = A2d%z. Also recall that Wy,
is the Hodge-dual to the 3-form H in eq. (B.47). Thus u™py; and u™ Wy, refer to the
volume change of a three dimensional spacelike hypersurface orthogonal to u. Assume
that the radius of the three dimensional hypersurface is R(7) at time 7, where 7 is an
affine parameter labeling the curve of the flow. Then it is reasonable to expect that
uMpyr ~ uMWyr ~ 20/R(7) where we simply assumed that u™py; ~ u™W¥y;. Then we

approximately get
1

STG4R?’
If we identify the radius R with the size of cosmic horizon, Ly, the energy density (3.96)

uMuNTH (3.96)

reproduces the dark energy (3.94) up to a factor.

4 Electrodynamics as a symplectic geometry

This section does contain mostly speculations. We will not intend any rigor. Rather we
will revisit the A-deformation (1.1) to reinterpret the electrodynamics of a charged particle
in terms of symplectic geometry defined in phase space. We want to point out its beautiful
aspects since in our opinion it has not been well appreciated by physicists. Furthermore
it will provide a unifying view about U(1) gauge theory in terms of symplectic geometry.
Nevertheless our main motivation for the revival is to get some glimpse on how to introduce
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matter fields within the framework of emergent gravity. As a great bonus, it will also outfit
us with a valuable insight about how to define “Time” in the sense of emergent spacetime.

4.1 Hamiltonian dynamics and emergent time

Let us start to revisit the derivation of the Darboux theorem (2.13) due to Moser [34]. A
remarkable point in the Moser’s proof is that there always exists a one-parameter family of
diffeomorphisms generated by a smooth time-dependent vector field X; satisfying ¢x,w; +
A = 0 for the change of a symplectic structure within the same cohomology class from w
tow; =w+t(w —w) for all 0 <t <1 where w’ —w = dA. The evolution of the symplectic
structure is locally described by the flow ¢; of X; starting at ¢y = identity. (Of course
the “time” t here is just an affine parameter labeling the flow. At this stage it does not
necessarily refer to a physical time.) By the Lie derivative formula, we have

d d
a(dﬁwt) = ¢; (Lx,wr) + ¢?%
= ¢;dix,wi + ¢ (W — w) = ¢f (W' —w — dA) = 0. (4.1)

Thus ¢jw’ = ¢jw = w, so ¢1 provides a chart describing the evolution from w to w’ = w+dA.

A whole point of the emergent gravity is the global existence of the one-parameter
family of diffeomorphisms ¢; describing the local deformation of a symplectic structure due
to the electromagnetic force. Therefore the electromagnetism in NC spacetime is nothing
but a symplectic geometry (at the leading order or commutative limit). Now our question
is how to understand matter fields or particles in the context of emergent geometry or
symplectic geometry.

As a first step, we want to point out that the coupling of a charged particle with
U(1) gauge fields is beautifully understood in the context of symplectic geometry [25, 26].
This time the symplectic geometry of matters is involved with the A-deformation (1.1)
rather than the #-deformation (1.3) which is the symplectic geometry of gravity. It is
rather natural that matters or particles are described by the symplectic geometry of the
phase space since the particles by definition are prescribed by their positions and momenta
besides their intrinsic charges, e.g., spin, electric charge, isospin, etc. We will consider only
the electric charge among their internal charges for simplicity. We refer some interesting
works [25, 26, 56, 57| addressing this problem.

Let (M,w) be a symplectic manifold. One can properly choose local canonical coordi-

nates y® = (¢',p1,--- ,¢", pn) in M such that the symplectic structure w can be written in
the form
n
w= Z dqg* A dp;. (4.2)
i=1

Then w € /\2 T*M can be thought as a bundle map T'M — T*M. Since w is nondegenerate
at any point y € M, we can invert this map to obtain the map ¥ = w™! : T*M — TM.
This cosymplectic structure ¢ € /\2 T M is called the Poisson structure of M which defines
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a Poisson bracket {-,-}y. See the footnote 6. In a local chart with coordinates y*, we have

2n
af 9dg
_ ab
{f7 g}ﬁ - aél v aya 8yb : (43)

Let H : M — R be a smooth function on a Poisson manifold M. The vector field X g
defined by tx,w = dH is called the Hamiltonian vector field with the energy function H.
We define a dynamical flow by the differential equation

a _ of _ of
Y xu(f) + S = my+ S (44)
A solution of the above equation is a function f such that for any path v : [0,1] — M
h
o (1) 2/ (+(1))
o = U H (@) + o (4.5)

The dynamics of a charged particle in an external static magnetic field is described by
the Hamiltonian

H= % (p—cA)? (4.6)

which is obtained by the free Hamiltonian Hy = % with the replacement

p=p—cA. (4.7)

Here the electric charge of an electron is g. = —e and e is a coupling constant identified with
gy m- The symplectic structure (4.2) leads to the Hamiltonian vector field Xy given by

OH 0 0H 0
H= — — = . (4.8)
dpi 9¢"  9q" Ip;
Then the Hamilton’s equation (4.4) reduces to the well-known Lorentz force law
md—v =ev x B. (4.9)

dt

An interesting observation [25] (orginally due to Jean-Marie Souriau) is that the
Lorentz force law (4.9) can be derived by keeping the Hamiltonian H = Hy but instead
shifting the symplectic structure

w—w =w-—eB (4.10)

where B(q) = %Bij(q)dqi Adg’. In this case the Hamiltonian vector field Xy defined by
tx,w = dH is given by

Xu

OH 9 <3H 8H> 9 (411)

= - — | — —eBj— | —.
dp; 0q' oq’ 7 0p; ) Op;

Then one can easily check that the Hamilton’s equation (4.4) with the vector field (4.11)
reproduces the Lorentz force law (4.9). Actually one can show that the symplectic structure
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W' in eq. (4.10) introduces a NC phase space [1] such that the momentum space becomes
NC, ie., [p;,pj] = —iheB;.

If a particle is interacting with electromagnetic fields, the influence of the magnetic
field B = dA is described by the ‘minimal coupling’ (4.7) and the new momenta p’ =
—ih(V —if A) are covariant under U(1) gauge transformations. Let us point out that the
minimal coupling (4.7) can be understood as the Darboux transformation (2.13) between
w and w’. Consider the coordinate transformation y® +— 2%(y) = (Q*, P1,--- ,Q", P,)(q,p)
such that . . .

S dg Adp; =" dQU A dP; — g Y Bi(Q)dQ' A dQ? (4.12)
i=1 i=1

ij=1

but the Hamiltonian is unchanged, i.e., H = %. The condition (4.12) is equivalent to the

following equations

¢t Opi  Oq' Op;

901 9QF ~ aqQraqi — P
¢ dpi  0q" Ipi
: - = 0; 4.1
0QI1 0P, apj oQF 5]7 ( 3)
(9_g7i opi dq' Op; 0
OP; 0P, 0OP,0P;
The above equations are solved by
qi = Qia pi = P+ eAi(Q). (4.14)

In summary the dynamics of a charged particle in an electromagnetic field has two
equivalent descriptions:

(H = {p_cA) ;;A)Q,w> (¢,p)

I

P2

The equivalence (4.15) can easily be generalized to a time-dependent background A* =
(A% A)(g,t) with the Hamiltonian H = 5 (p— eA)2 +eAY. The Hamilton’s equation (4.4)
in this case becomes

d
m=— =e(E+v xB). (4.16)
The equivalence (4.15) now means that the Lorentz force law (4.16) can be obtained by the
2
Hamiltonian vector field (4.11) with the Hamiltonian H = 2- + eA® by noticing that the
time dependence of the external fields now appears as the explicit -dependence of momenta
p; = pi(t). Indeed the electric field E appears as the combination E = —V A" + %%—5’. But
note that the coordinates (¢*,p;) in eq. (4.11) correspond to (Q?, P;) in the notation (4.12)
0 A

and so & = —e22 by eq. (4.14).
In a very charming paper [26], Dyson explains the Feynman’s view about the electro-
dynamics of a charged particle. Feynman starts with an assumption that a particle exists

with position ¢* and velocity ¢; satisfying commutation relations
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Then he asks a question: What is the most general form of forces appearing in the Newton’s
equation consistent with the commutation relation (4.17) 7 Remarkably he ends up with
the electromagnetic force (4.16). In a sense, the Feynman’s result is a no-go theorem for
the consistent interaction of particles in quantum mechanics. The only room for some
modification to the Feynman’s argument seems to introduce internal degrees of freedom
such as spin, isospin, color, etc [56]. Then a particle motion is defined on R3 x F with an
internal space F. The dynamics of the particle carrying an internal charge in F' is defined
by a symplectic structure on T*R? x F. See [56] for some details.

The Feynman’s approach clearly shows that the electromagnetism is an inevitable
structure in quantum particle dynamics. Furthermore, as emphasized by Dyson, the Feyn-
man’s formulation shows that nonrelativistic Newtonian mechanics and relativistic Maxwell
equations are coexisting peacefully. This is due to the gauge symmetry that the Lorentz
force (4.16) is generated by the minimal coupling p, — B, = p, — eA,. Moreover,
Souriau and Sternberg show that the minimal coupling can be encoded into the defor-
mation of symplectic structure, which can be summarized as the relativistic form [57]:
w=—df - W =w-—eF = —d({+ eA) where { = P,dQ" and A = A,(Q)dQ".
Therefore the Maxwell equation dF = 0 is simply interpreted as the closedness of the
symplectic structure.

Now we have perceived that the dynamics of a charged particle can be interpreted
as a symplectic geometry in phase space. The evolution of the system is described by
the dynamical flow (4.5) generated by a Hamiltonian vector field, e.g., eq. (4.8), for a
given Hamiltonian H. Basically, the time in the Hamilton’s equation (4.4) is an affine
parameter to trace out the history of a particle and it is operationally defined by the
Hamiltonian. Therefore the time in the Hamiltonian dynamics is intrinsically assigned
to the particle itself. But we have to notice that, only when the symplectic structure is
fixed for a given Hamiltonian, the evolution of the system is completely determined by the
evolution equation (4.4). In this case the dynamics of the system can be formulated in
terms of an evolution with a single time parameter. In other words, we have a globally
well-defined time for the evolution of the system. This is the usual situation we consider
in classical mechanics.

We observed the equivalence (4.15) for the dynamics of a charged particle. Let us
consider a dynamical evolution described by the change of a symplectic structure from w
towy = w+t(w —w) for all 0 < ¢ < 1 where w’ —w = —edA. The Moser lemma (4.1)
says that there always exists a one-parameter family of diffeomorphisms generated by a
smooth time-dependent vector field X; satisfying ¢x,w; = eA. Although the vector field X;
defines a dynamical one-parameter flow, the vector field X; is in general not even a locally
Hamiltonian since dA = B # 0. The evolution of the system in this case is locally described
by the flow ¢, of X starting at ¢y = identity but it is no more a (locally) Hamiltonian flow.
That is, there is no well-defined or global time for the particle system. The flow can be a
(locally) Hamiltonian, i.e., ¢; = identity for all 0 < ¢ < 1, only for dA = 0. In other words,
the time flow ¢; of X; defined on a local chart describes a local evolution of the system.

Let us summarize the above situation by looking at the familiar picture in eq. (4.15)
by fixing the symplectic structure but instead changing the Hamiltonian. (Note that the
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magnetic field in the Lorentz force (4.9) does not do any work. So there is no energy flow
during the evolution.) At time ¢ = 0, the system is described by the free Hamiltonian
Hj but it ends up with the Hamiltonian (4.6) at time ¢ = 1. Therefore the dynamics of
the system cannot be described with a single time parameter covering the entire period
0 <t < 1. We can introduce at most a local time during §f < € on a local patch and
smoothly adjust to a neighboring patch. To say, a clock of the particle will tick each time
with a different rate since the Hamiltonian of the particle is changing during time evolution.

We have faced a similar situation in the #-deformation (1.3) as summarized in eq. (4.1).
Of course one should avoid a confusion between the dynamical evolution of particle sys-
tem related to the phase space (1.1) and the dynamical evolution of spacetime geometry
related to the NC space (1.3). But we should get an important lesson from Souriau and
Sternberg [25] that the Hamiltonian dynamics in the presence of electromagnetic fields can
be described by the deformation of symplectic structure of phase space. More precisely,
we observed that the emergent geometry is defined by a one-parameter family of diffeo-
morphisms generated by a smooth vector field X; satisfying ¢x,w; + A = 0 for the change
of a symplectic structure within the same cohomology class from w to wy = w + t(w' — w)
for all 0 < t < 1 where ' —w = dA. The vector field X; is in general not a Hamil-
tonian flow, so any global time cannot be assigned to the evolution of the symplectic
structure wy. But, if there is no fluctuation of symplectic structure, i.e., FF = dA = 0 or
A = —dH, there can be a globally well-defined Hamiltonian flow. In this case we can define
a global time by introducing a unique Hamiltonian such that the time evolution is defined
by df /dt = Xy (f) = {f,H}p—,-1 everywhere. In particular, when the initial symplectic
structure w is constant (homogeneous), a clock will tick everywhere at the same rate. Note
that this situation happens for the constant background (3.1) from which a flat spacetime
emerges as we observed in section 3.4. But, if w is not constant, the time evolution will not
be uniform over the space and a clock will tick at the different rate at different places. This
is consistent with Einstein gravity since a nonconstant w corresponds to a curved space in
our picture.

We suggest the concept of “Time” in emergent gravity as a contact manifold (Rx M, w)
where (M,w) is a symplectic manifold and @ = mjw is defined by the projection s :
Rx M — M, my(t,p) = p. See section 5.1 in [32] for time dependent Hamiltonian systems.
A question is then how to recover the (local) Lorentz symmetry in the end. As we pointed
out above, if (M,w) is a canonical symplectic manifold, i.e., M = R?" and w=constant, a
(2n + 1)-dimensional Lorentz symmetry will appear from the contact manifold (R x M, ).
(So our (3 + 1)-dimensional Lorentzian world needs a more general argument. See the
footnote 13.) Once again, the Darboux theorem says that there always exists a local
coordinate system where the symplectic structure is of the canonical form. See the table
2. Then it is quite plausible that the local Lorentz symmetry would be recovered in the
previous way on a local Darboux chart. Furthermore, the Feynman’s argument [26] implies
that the Lorentz symmetry is just derived from the symplectic structure on the contact
manifold (R x M,w). For example, one can recover the gauge symmetry along the time
direction by defining the Hamiltonian H = Ag + H’ and the time evolution of a spacetime
geometry by the Hamilton’s equation Dof = df /dt + {Ao, f}5_5-1 = {f, H'}j_5-1- And
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then one may interpret the Hamilton’s equation as the infinitesimal version of an inner
automorphism like eq. (3.17), which was indeed used to define the vector field Dy(X) in
eq. (3.30).

Our proposal for the emergent time is based on the fact that a symplectic manifold
(M,w) always admits a Hamiltonian dynamical system on M defined by a Hamiltonian
vector field X, i.e., tx,w = dH. The purpose to pose the issue of “Emergent Time”
is to initiate and revisit this formidable issue after a deeper understanding of emergent
gravity. We refer here some related works for future references: Our proposal is closely
related to the picture in [58], where the time is basically defined by a one-parameter group
of automorphisms of a von Neumann algebra. Note that the deformation quantization of
a Poisson manifold [31] also exhibits a similar automorphism D(%) in eq. (3.62) acting on
star-products. section 5.5 in [32] and chapter 21 in [30] (and references therein) provide
an exposition on infinite-dimensional Hamiltonian systems, especially, the Hamiltonian
formulation of Einstein gravity.

4.2 Matter fields from NC spacetime

Now let us pose our original problem about what matters are in emergent geometry. We
will not intend to solve the problem. Instead we will suggest a plausible picture based on
the Fermi-surface scenario in [27, 28]. We will return to this problem with more details in
the next publication.

Particles are by definition characterized by their positions and momenta besides their
intrinsic charges, e.g., spin, isospin and an electric charge. They should be replaced by
a matter field in a relativistic quantum theory in order to incorporate pair creations and
annihilations. Moreover, in a NC space such as (3.1), the very notion of a point is replaced
by a state in the Hilbert space (3.2) and thus the concept of particles (and matter fields
too) becomes ambiguous. So a genuine question is what is the most natural notion of a
particle or a corresponding matter field in the NC x-algebra (3.3). We suggest it should be
a K-theory object in the sense of [27].

Let us briefly summarize the K-theory picture in [27]. Hofava considers nonrelativistic
fermions in (d 4 1)-dimensional spacetime having N complex components. Gapless excita-
tions are supported on a (d — p)-dimensional Fermi surface ¥ in (k, w) space. Consider an
inverse exact propagator

gaa/ _ 53/ (icw — k2/2m )+ Haal(k, w) (4.18)

where Ha“l(k,w) is the exact self-energy and a,a’ = 1,--- ,N. Assuming that G has a
zero along a submanifold 3 of dimension d — p in the (d + 1)-dimensional (k,w) space, the
question of stability of the manifold ¥ of gapless modes reduces to the classification of the
zeros of the matrix G that cannot be lifted by small perturbations II,% . Consider a sphere
SP wrapped around ¥ in the transverse p + 1 dimensions in order to classify stable zeros.
The matrix G is nondegenerate along this SP and therefore defines a map

G:SP — GL(N,C) (4.19)
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from SP to the group of nondegenerate complex N x N matrices. If this map represents
a nontrivial class in the pth homotopy group m,(GL(N,C)), the zero along 3 cannot be
lifted by a small deformation of the theory. The Fermi surface is then stable under small
perturbations, and the corresponding nontrivial element of 7,(GL(N, C)) represents the
topological invariant responsible for the stability of the Fermi surface. As a premonition,
we mention that it is enough to regard the Fermi surface ¥ as a (stable) vacuum manifold
with a sharp Fermi momentum pg where all small excitations are supported, regardless of
fermions themselves.

A remarkable point is that there is the so-called stable regime at N > p/2 where
mp(GL(N,C)) is independent of N. In this stable regime, the homotopy groups of
GL(N,C) or U(N) define a generalized cohomology theory, known as K-theory [59-61].
In K-theory which involves vector bundles and gauge fields, any smooth manifold X is
assigned an Abelian group K (X). Aside from a deep relation to D-brane charges and RR
fields in string theory [59, 60], the K-theory is also deeply connected with the theory of
Dirac operators, index theorem, Riemannian geometry, NC geometry, etc. [41].

Let us look at the action (3.9) recalling that it describes fluctuations around a vacuum,
e.g., eq. (3.1). One may identify the map (4.19) with the gauge-Higgs system (A, %)(z)
as the maps from R% to U(N — oo). More precisely, let us identify the (d — p)-dimensional
Fermi surface ¥ with R37, described by eq. (3.1) and the (p + 1)-dimensional transverse
space with X = Rc(l). In this case the Fermi surface ¥ is defined by the vacuum (3.1) whose
natural energy scale is the Planck energy Ep; as we observed in section 3.4, so the Fermi
momentum pg is basically given by Ep;. The magic of Fermi surface physics is that gapless
excitations near the Fermi surface easily forget the possibly huge background energy.

Now we want to consider gapless fluctuations supported on the Fermi surface 3. The
matrix action in eq. (3.9) shows that Rdc is not only a hypersurface but also supports a
U(N — o0) gauge bundle. This is the reason [60, 61] why K (X) comes into play to clas-
sify the topological class of excitations in the U(NN) gauge-Higgs system. As we observed
in section 3.4, a generic fluctuation in eq. (3.23) will noticeably deform the background
spacetime lattice defined by the Fock space (3.2) and it will generate non-negligible gravi-
tational fields. But our usual concept of particle is that it does not appreciably disturb the
ambient gravitational field. This means that the gapless excitation should be a sufficiently
localized state in R%\?C. In other words, the state is described by a compact operator in Ay,
e.g., a Gaussian rapidly vanishing away from y ~ yo or the matrix elements for a compact
operator D e Ay in the representation (3.5) are mostly vanishing excepts a few elements.
A typical example satisfying these properties is NC solitons, e.g., GMS solitons [62].

Since a gauge invariant observable in NC gauge theory is characterized by its momen-
tum variables as we discussed in section 3.2, it will be rather useful to represent the state
in momentum space. Another natural property we impose is that it should be stable up to
pair creations and annihilations. Therefore it must be generated by the K-theory group of
the map (4.19) [59-61], where we will identify the NC x-algebra Ay with GL(N, C) using
the relation (3.6). Note that the map (4.19) is contractible to the group of maps from X
to U(N).
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With the above requirements in mind, let us find an explicit construction of a topo-
logically non-trivial excitation. It is well-known [61] that this can be done using an elegant
construction due to Atiyah, Bott and Shapiro (ABS) [63]. The construction uses the
gamma matrices of the transverse rotation group SO(p,1) for X = R% to construct ex-
plicit generators of m,(U(NN)) where d = p+ 1. Let X be even dimensional and S+ be two
irreducible spinor representations of Spin(d) Lorentz group and p,, (x = 0,1,--- ,p) be the
momenta along X, transverse to ¥ in (k,w). We define the gamma matrices I'* : S, — S_
of SO(p,1) to satisfy {I'*,T"} = 2n"”. At present we are considering excitations around
the constant vacuum (3.1) and so the vacuum geometry is flat. But, if we considered ex-
citations in a nontrivial vacuum such as eq. (3.67), the vacuum manifold might be curved.
So the Clifford algebra in this case would be replaced by {T'*, T} = 2¢"” where the metric
gM" is given by eq. (3.71). Finally we introduce an operator D : H x S, — H x S_ [27]
such that

D=Tlp, +- (4.20)

which is regarded as a linear operator acting on a Hilbert space H, possibly much smaller
than the Fock space (3.2), as well as the spinor vector space Si.

The ABS construction implies [27, 28] that the Dirac operator (4.20) is a generator of
mp(U(INV)) as a nontrivial topology in momentum space (k,w) where the low lying excita-
tions in eq. (4.19) near the Fermi surface X carry K-theory charges and so they are stable.
Such modes are described by coarse-grained fermions y“(w, p,6) with @ denoting collective
coordinates on ¥ and p being the spatial momenta normal to ¥ [27]. The ABS construction
determines the range N of the index A carried by the coarse-grained fermions y? to be
N =22y <N complex components. The precise form of the fermion x4 depends on its
K-theory charge whose explicit representation on H x Sy will be determined later. And
we will apply the Feynman’s approach [26] to see what the multiplicity n means. For a
moment, we put n = 1. At low energies, the dispersion relation of the fermion x* near the
Fermi surface is given by the relativistic Dirac equation

iTrO X+ - =0 (4.21)

with possible higher order corrections in higher energies. Thus we get a spinor of the
Lorentz group SO(p, 1) from the ABS construction as a topological solution in momentum
space. For example, in four dimensions, i.e., p = 3, x** has two complex components and
so it describes a chiral Weyl fermion.

Although the emergence of (p+ 1)-dimensional spinors is just a consequence due to the
fact that the ABS construction uses the Clifford algebra to construct explicit generators of
mp(U(NV)), it is mysterious and difficult to understand its physical origin. But we believe
that the fermionic nature of the excitation x is originated from some unknown Planck
scale physics. For example, if the Dirac operator (4.20) is coming from GMS solitons [62] in
R?\}‘C, the GMS solitons correspond to eigenvalues of N x N matrices in eq. (3.6). As is well
known from ¢ = 1 matrix models, the eigenvalues behave like fermions, although it is the
(141)-dimensional sense, after integrating out off-diagonal interactions. Another evidence
is the stringy exclusion principle [64] that the AdS/CFT correspondence puts a limit on
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the number of single particle states propagating on the compact spherical component of
the AdS, x S% geometry which corresponds to the upper bound on U(1) charged chiral
primaries on the compact space S9.

It should be important to clearly understand the origin of the fermionic nature of
particles arising from the vacuum (3.1). The crux seems to be the mysterious connection
between the Clifford modules and K-theories [63]. Another related problem is that we
didn’t yet understand the dynamical origin of the particle symplectic structure (4.2). Is
it similarly possible to get some insight about the particle mass and dark matters from
the dynamical origin of the symplectic structure (4.2) as we did in section 3.4 for the dark
energy 7 If the vacuum (3.1) acts as a Fermi surface for quarks and leptons, is it a symptom
that the local electroweak symmetry can be broken dynamically without Higgs ?

Now let us address the problem how to determine the multiplicity n of the coarse-

@ where we decomposed the index A = (aa) with « the spinor index

grained fermions x®
of the SO(d) Lorentz group and a = 1,--- ,n an internal index of an n-dimensional rep-
resentation of some compact symmetry G. One may address this problem by considering
the quantum particle dynamics on X x ¥ and repeating the Feynman’s question. To be
specific, we restrict (collective) coordinates of 3, denoted as Q' (I =1,--- ,n? —1), to Lie
algebra variables such as the particle isospins or colors. So the commutation relations we

consider are

Q1. Q7] = iR QF, (4.22)
[,Q"] =0 (4.23)

together with the commutation relations (4.17) determined by the symplectic struc-
ture (4.2) on T*RP.

Then the question is: What is the most general form of forces consistent with the
commutation relations (4.17), (4.22) and (4.23) ? It was already answered in [56] that the
answer is just the non-Abelian version of the Lorentz force law (4.16) with an additional
set of equations coming from the condition that the commutation relation (4.23) should be
preserved during time evolution, i.e., %[qi, Q'] = 0. This condition can be solved by the
so-called Wong’s equations

Q'+ R AIQ ¢ =o. (4.24)

The Wong’s equations just say that the internal charge Q! is parallel-transported along
the trajectory of the particle under the influence of the non-Abelian gauge field A;] .
Therefore the quantum particle dynamics on X x ¥ naturally requires to introduce
non-Abelian gauge fields in the representation of the Lie algebra (4.22). And the dynamics
of the particle carrying an internal charge in ¥ should be defined by a symplectic structure
on T* X x¥. But note that we have a natural symplectic structure on ¥ defined by eq. (3.1).
Also note that we have only U(1) gauge fields on X x ¥ in eq. (3.7). So the problem is
how to get the Lie algebra generators in eq. (4.22) from the space ¥ = R%\?C and how to
get the non-Abelian gauge fields Aﬁ(z) on X from the U(1) gauge fields on X x ¥ where

2 = (t,q").
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The problem is solved by noting that the n-dimensional harmonic oscillator in quantum
mechanics can realize SU(n) symmetries (see the chapter 14 in [65]). The generators of the
SU(n) symmetry on the Fock space (3.2) are given by

Q' = alTay (4.25)

where the creation and annihilation operators are given by eq. (3.1) and T'’s are con-
stant n x n matrices satisfying [T7, T7] = i fI/KTK with the same structure constants as

eq. (4.22). It is easy to check that t?e Q"’s satisfy the SU(n) Lie algebra (4.22). We in-

troduce the number operator Q° = ala; and identify with a U(1) generator. The operator
C=>, Q'Q! is the quadratic Casimir operator of the SU(n) Lie algebra and commutes
with all Q7’s. Thus one may identify € with an additional U(1) generator.

Let p(V) be a representation of the Lie algebra (4.22) in a vector space V. We take
an n-dimensional representation in V' = C" or precisely V = L?(C"), a square integrable
Hilbert space. Now we expand the U(1) gauge field Ay (z,y) in eq. (3.7) in terms of the

SU(n) basis (4.25)

Anlzy) =3 >0 A (zea) QM- QF
n=0TI;€p(V)
= An(2) + Aly(z,0. M) Q1+ Al (2.0, 02) Q'Q7 + - (4.26)

where p and ), are eigenvalues of Q¥ and €, respectively, in the representation p(V'). The
expansion (4.26) is formal but it is assumed that each term in eq. (4.26) belongs to the
irreducible representation of p(V'). Thus we get SU(n) gauge fields Aﬁ as well as adjoint
scalar fields A! in addition to U(1) gauge fields Ay/(2) as low lying excitations.

Note that the coarse-grained fermion x in eq. (4.21) behaves as a relativistic particle in
the spacetime X = Rdc and a stable excitation as long as the Fermi surface Y is topologically
stable. In addition to these fermionic excitations, there will also be bosonic excitations
arising from changing the position in X of the surface ¥ or deformations of the surface X
itself. But the latter effect (as gravitational fields in X) will be very small and so can be
ignored since we are interested in the low energy behavior of the Fermi surface 3. Then
the gauge fields in eq. (4.26) represent collective modes for the change of the position in
X = Rcé of the surface ¥ [28]. They can be regarded as collective dynamical fields in the
vicinity of the Fermi surface 3 acting on the fermions in eq. (4.21).

Therefore we regard the Dirac operator (4.20) as an operator D : H x S; — H x S_
where H = L?(C") and introduce a minimal coupling with the U(1) and SU(n) gauge
fields in eq. (4.26) by the replacement p, — p, — eA, — A{LQI. Then the Dirac
equation (4.21) becomes

(0, —ied, —iALQ ) x + -+ =0. (4.27)

Here we see that the coarse-grained fermion y in the homotopy class m,(U(N)) is in the
fundamental representation of SU(n). So we identify the multiplicity n in the ABS con-
struction (4.21) with the number of colors. Unfortunately the role of the adjoint scalar
fields in eq. (4.26) is not obvious from the Feynman’s approach.
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The most interesting case in eq. (3.9) is that p = 3 and n = 3, that is, 10-dimensional
NC U(1) gauge theory on R¢ x R%. In this case eq. (4.27) is the 4-dimensional Dirac
equation where y is a quark, an SU(3) multiplet of chiral Weyl fermions, coupling with
gluons Aﬁ(z), SU(3) gauge fields for the color charge @', as well as photons A, (z), U(1)
gauge fields for the electric charge e. One may consider a similar ABS construction in the
vector space V = C? x C, i.e., by breaking the SU(3) symmetry to SU(2) x U(1), to get
SU(2) gauge fields and chiral Weyl fermions. In this case Q! (I = 1,2,3) in eq. (4.25) are
the famous Schwinger representation of SU(2) Lie algebra.

5 Musing on noncommutative spacetime

It is a well-accepted consensus that at very short distances, e.g., the Planck scale Lp, the
spacetime is no longer commutating due to large quantum effects and a NC geometry will
play a role at short distances. In addition, the spacetime geometry at the Planck scale is
not fixed but violently fluctuating, as represented as spacetime foams. Therefore the NC
geometry arising at very short distances has to be intimately related to quantum gravity.
The Moyal space (1.3) is the simplest and the most natural example of NC spacetime.
Thus it should be expected that the physical laws defined in the NC spacetime (1.3), for
instance, a NC field theory, essentially refer to a theory of (quantum) gravity. This is the
reason why the 6-deformation in the table 1 must be radical as much as the h-deformation.

Unfortunately, the NC field theory has not been explored as a theory of gravity so far.
It has been studied as a theory of particles within the conventional framework of quantum
field theory. But we have to recognize that the NC field theory is a quantum field theory
defined in a highly nontrivial vacuum (3.1). It should be different from usual quantum field
theories defined in a trivial vacuum. So we should be careful to correctly identify order
parameters for fluctuations around the vacuum (3.1). We may have a wrong choice of the
order parameter if we naively regard the NC field theory as a theory of particles only. As an
illustrating example, in order to describe the superconductivity at T < T, it is important
to consider an effect of the background lattice and phonon exchange with electrons. The
interaction of electrons with the background lattice is resulted in a new order parameter,
the so-called Cooper pairs, and a new attractive force between them. We know that it is
impossible to have a bound state of two electrons, the Cooper pair, in a trivial vacuum, i.e.,
without the background lattice. Thus the superconductivity is an emergent phenomenon
from electrons moving in a nontrivial background lattice.

We observed that the vacuum (3.1) endows the spacetime with a symplectic structure
whose surprising consequences, we think, have been considerably explored in this paper.
For example, it brings to the correspondence (3.6) implying the large N duality or the
gauge/gravity duality. These features do not arise in ordinary quantum field theories. So
it would be desirable to seriously contemplate about the theoretical structure of NC field
theories from the spacetime point of view.
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5.1 Graviton as a Cooper pair

Graviton is a spin-2 particle. Therefore the emergent gravity, if the picture is true, should
come from a composite of two spin-1 gauge bosons, not from gauge fields themselves.?? Un-
fortunately, there is no rigorous proof that the bound state of two spin-1 gauge bosons does
exist in NC spacetime. But an interesting point is that NC spacetime is more preferable to
the formation of bound states compared to commutative spacetime. See, for example, [66].
Salient examples are GMS solitons [62] and NC U(1) instantons [67], which are not allowed
in a commutative spacetime. Furthermore there are many logical evidences that it will
be true, especially inferred from the matrix formulation of NC gauge theory as we briefly
discuss below.

For definiteness, let us consider the case with d = 4 and n = 3 for the action (3.9), that
is, 10-dimensional NC U(1) gauge theory on R‘é X R(]Svc- The matrix representation in the
action (3.9) is precisely equal to the bosonic part of 4-dimensional N' = 4 supersymmetric
U(N) Yang-Mills theory which is known to be equivalent to the type IIB string theory on
AdSs x S° space [24]. Therefore the 10-dimensional gravity emergent from NC gauge theory
will essentially be the same as the one in the AdS/CFT duality. The bulk graviton g, (z, p)
in the AdS/CFT duality, whose asymptotics at p = 0 is given by the metric (3.89), is defined
by the coupling to the energy-momentum tensor 7),,(z) in the U(/N) gauge theory. The
energy-momentum tensor TW(Z) is a spin-2 composite operator in the gauge theory rather
than a fundamental field. This means that the bulk graviton is holographically defined as
a bound state of two spin-1 gauge bosons. Schematically, we have the following relation

(1®l)s =260 or C®DO>= (O. (5.1)

Indeed the core relation (5.1) has underlain the unification theories since Kaluza and
Klein. In early days people have tried the scheme («) under the name of the Kaluza-
Klein theory. A basic idea in the Kaluza-Klein theory (including string theory) is to
construct spin-1 gauge fields plus gravity in lower dimensions from spin-2 gravitons in
higher dimensions. An underlying view in this program is that a “fundamental” theory
exists as a theory of gravity in higher dimensions and a lower dimensional theory of spin-
1 gauge fields is derived from the higher dimensional gravitational theory. Though it is
mathematically beautiful and elegant, it seems to be physically unnatural if the higher spin
theory should be regarded as a more fundamental theory.

After the discovery of D-branes in string theory, people have realized that the scheme
(—) is also possible, which is now known as the open-closed string duality or the
gauge/gravity duality. But the scheme (—) comes into the world in a delicate way since
there is a general no-go theorem known as the Weinberg-Witten theorem [68, 69], stating
that an interacting graviton cannot emerge from an ordinary quantum field theory in the
same spacetime. One has to notice, however, that Weinberg and Witten introduced two
basic assumptions to prove this theorem. The first hidden assumption is that gravitons
and gauge fields live in the same spacetime. The second assumption is the existence of a
Lorentz-covariant stress-energy tensor. The AdS/CFT duality [24] realizes the emergent

22We thank Piljin Yi for raising this critical issue.

,51,



gravity by relaxing the first assumption in the way that gravitons live in a higher dimen-
sional spacetime than gauge fields. As we observed in section 3.4, the NC field theory is
even more radical in the sense that the Lorentz symmetry is not a fundamental symmetry of
the theory but emergent from the vacuum algebra (3.1) defined by a uniform configuration
of NC gauge fields.

Another ingredient supporting the existence of the spin-2 bound states is that the
vacuum (3.1) in NC gauge theory signifies the spontaneous symmetry breaking of the
A-symmetry (2.11) [3]. If one considers a small fluctuation around the vacuum (3.1) pa-
rameterized by eq. (2.32), the spacetime metric given by eq. (3.42) looks like

gMN = MmN + hun (5.2)

where nyn = (gan) is the flat metric determined by the uniform condensation of gauge
fields in the vacuum. As a fluctuating (quantum) field, the existence of the vacuum expec-
tation value in the metric (ga/n) = narn also implies some sort of spontaneous symmetry
breaking as Zee anticipated in [40] (see the footnote 8). We see here that they indeed
have the same origin. If one look at the table 2, one can see a common property that
both a Riemannian metric ¢ and a symplectic structure w should be nondegenerate, i.e.,
nowhere vanishing on M. In the context of physics where g and w are regarded as a field,
the nondegeneracy means a nonvanishing vacuum expectation value. We refer to [3] more
discussions about the spontaneous symmetry breaking.

Instead we will discuss an interesting similarity between the BCS superconductivity [29]
and the emergent gravity to get some insight into the much more complicated spontaneous
symmetry breaking for the A-symmetry (2.11). A superconductor of any kind is nothing
more or less than a material in which the G = U(1) gauge symmetry is spontaneously
broken to H = Zs which is the 180° phase rotation preserved by Cooper pairs [70]. The
spontaneous breakdown of electromagnetic gauge invariance arises because of attractive
forces between electrons via lattice vibrations near the Fermi surface. In consequence of this
spontaneous symmetry breaking, products of any even number of electron fields have non-
vanishing expectation values in a superconductor, captured by the relation %@% =041. As
we mentioned above, the emergent gravity reveals a similar pattern of spontaneous symme-
try breaking though much more complicated where the A-symmetry (2.11), or equivalently
G = Diff(M), is spontaneously broken to the symplectomorphism (2.23), or equivalently
H = U(1)nyc gauge symmetry. The spontaneous breakdown of the A-symmetry or G =
Diff(M) is induced by the condensate (3.1) of gauge fields in a vacuum and conceivably
the vacuum (3.1) can act as a Fermi surface for low energy excitations, as we discussed in
section 4.2.

Then we may find a crude but inciting analogy between the BCS superconductivity
and the emergent gravity:

The Landau-Ginzburg theory is a phenomenological theory of superconductivity where
the free energy of a superconductor near T' ~ T, can be expressed in terms of a complex
order parameter, describing Cooper pairs [70]. Of course this situation is analogous to the
emergent gravity in the sense that Einstein gravity as a macroscopic description of NC
gauge fields is manifest only at the commutative limit, i.e., |#] — 0. Although we should
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Theory Superconductivity | Emergent gravity
Microscopic degree of freedom electron gauge field
Order parameter Cooper pair graviton
G U(1) Diff(M)
H 75 U(l) NC
Control parameter % -1 gav
Macroscopic description Laudau-Ginzburg | Einstein gravity
Microscopic description BCS gauge theory

Table 3. Superconductivity vs. Emergent gravity.

be cautious to employ the analogy in the table 3, it may be worthwhile to remark that the
flux tubes or Abrikosov vortices in type II superconductors, realized as a soliton solution
in the Landau-Ginzburg theory, seem to be a counterpart of black holes in the emergent
gravity. We think the table 3 could serve as a guidepost more than a plain analogy to
understand a detailed structure of emergent gravity.

5.2 Fallacies on noncommutative spacetime

As was remarked before, a NC spacetime arises as a result of large quantum fluctuations
at very short distances. So the conventional spacetime picture gained from a classical
and weak gravity regime will not be naively extrapolated to the Planck scale. Indeed we
perceived that a NC geometry reveals a novel, radically different picture about the origin
of spacetime.

But the orthodox approach so far has regarded the NC spacetime described by eq. (3.1),
for instance, as an additional background condensed on an already existing spacetime. For
example, field theories defined on the NC spacetime have been studied from the conven-
tional point of view based on the traditional spacetime picture. Then the NC field theory
is realized with unpleasant features, breaking the Lorentz symmetry and locality which are
two fundamental principles underlying quantum field theories. A particle in local quantum
field theories is defined as a state in an irreducible representation of the Poincaré symmetry
and internal symmetries. This concept of the particle becomes ambiguous in the NC field
theory due to not only the lack of the Lorentz symmetry but also the non-Abelian nature
of spacetime. Furthermore the nonlocality in NC field theories appears as a perplexing
UV/IR mixing in nonplanar Feynman diagrams in perturbative dynamics [55]. This would
appear to spoil the renormalizability of these theories [1].

Therefore the NC field theory is not an eligible generalization of quantum field theory
framework as a theory of particles. However, these unpleasant aspects of the NC field
theory turn into a welcome property or turn out to be a fallacy whenever one realizes it as
a theory of gravity. We believe that the nonperturbative dynamics of gravity is intrinsically
nonlocal. A prominent evidence is coming from the holographic principle [71] which states
that physical degrees of freedom in gravitational theories reside on a lower dimensional
screen where gauge fields live. The AdS/CFT duality [24] is a thoroughly tested example
of the holographic principle. Recently it was shown in [18, 19] that the UV /IR mixing in
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NC gauge theories can be interpreted as a manifestation of gravitational nonlocality in the
context of emergent gravity. This elegant shift of wing signifies an internal consistency of
emergent gravity.

The basic idea of emergent gravity is to view the gravity as a collective phenomenon of
gauge fields. According to Einstein, the gravity is nothing but the dynamics of spacetime
geometry. This perspective implies that there is no prescribed notion of spacetime. The
spacetime must also be emergent from or defined by gauge fields if the picture is anyway
correct. We observed in section 3.4 that the emergent gravity reveals a novel and consis-
tent picture about the dynamical origin of spacetime. The most remarkable angle is the
dynamical origin of flat spacetime, which is absent in Einstein gravity. It turned out that
the Lorentz symmetry as well as the flat spacetime is not a priori given in the beginning
but emergent from or defined by the uniform condensation (3.1) of gauge fields. In the
prospect, the Lorentz symmetry is not broken by the background (3.1) but rather emergent
at the cost of huge energy condensation in the vacuum. Thus the emergent gravity also
comes to the rescue of the Lorentz symmetry breaking in NC field theories.

But we want to point out an intriguing potential relation between the dark en-
ergy (3.94) and a possible tiny violation of the Lorentz symmetry. We observed that
the energy density (3.94) is due to the cosmological vacuum fluctuation around the flat
spacetime and does generate an observable effect of spacetime structure, e.g., an expansion
of universe. Furthermore, since the tiny energy (3.94) represents a deviation from the flat
spacetime over the cosmological scale, it may have another observable effect of spacetime
structure; a very tiny violation of the Lorentz symmetry. Amusingly, the dark energy scale
~ 2 x 1073V given by (3.93) is of the same order of magnitude as the neutrino mass. This
interesting numerical coincidence may imply some profound relation between the neutrino
mass and the tiny violation of the Lorentz symmetry [72].

6 Discussion

Mathematicians do not study objects, but relations between objects. Thus, they
are free to replace some objects by others so long as the relations remain un-
changed. Content to them is irrelevant: they are interested in form only.

— Henri Poincaré (1854-1912)

Recent developments in string and M theories, especially, after the discovery of D-
branes, have constantly revealed that string and M theories are not very different from
quantum field theories. Indeed a destination of nonperturbative formulations of string and
M theories has often been quantum field theories again. For instance, the AdS/CFT duality
and the matrix models in string and M theories are only a few salient examples. It seems
to insinuate a message that quantum field theories already contain ‘quantum gravity’ in
some level. At least we have to contemplate our credulous belief that the string and M
theories should be superordinate to quantum field theories. Certainly we are missing the
first (dynamical) principle to derive the quantum gravity from quantum field theories.
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Throughout the paper, we have emphasized that quantum field theories in NC space-
time are radically different from their commutative counterparts and they should be re-
garded as a theory of gravity rather than a theory of particles. So the important message
we want to draw is that the 6-deformation in the table 1 should be seriously considered
as a foundation for quantum gravity. In other words, the first principle would be the ge-
ometrization of gauge fields based on the symplectic and NC geometry. It my be possible
that the NC geometry also underlies the fundamentals of string theory.

In this paper, we have mostly focussed on the commutative limit, 8 — 0, where the
Einstein gravity manifests itself as a macroscopic spacetime geometry of NC x-algebra
defined by gauge fields in NC spacetime. That is, Einstein gravity is just a low energy
effective theory of NC gauge fields or large N matrices. So we naturally wonder what
happens in a deep NC space. An obvious guess is that a usual concept of spacetime
based on a smooth geometry will be doomed. Instead an operator algebra, e.g., x-algebra
defined by NC gauge fields, will define a relational fabric between NC gauge fields, whose
prototype at macroscopic world emerges as a smooth spacetime geometry. In a deep NC
space, an algebra between objects is more fundamental. A geometry is a secondary concept
defined by the algebra. Indeed the motto in emergent gravity is that an algebra defines
a geometry. In this scheme, one has to specify an underlying algebra to talk about a
corresponding geometry. So the Poincaré’s declaration above may also refer to physicists
who are studying quantum gravity.
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A A proof of the equivalence between self-dual NC electromagnetism
and self-dual Einstein gravity

Here we present a self-contained and friendly proof of the equivalence between self-dual
NC electromagnetism and self-dual Einstein gravity [12]. Our proof here closely follows
the result in [73] applying our observation (3.23), of course, decisive for the equivalence,
that NC gauge fields can be mapped to (generalized) vector fields through the inner au-
tomorphism (3.17). The self-dual case here will be a useful guide for deriving the general
equivalence between NC U(1) gauge theories and Einstein gravity presented in appendix B.
We introduce at each spacetime point in M a local frame of reference in the form
of 4 linearly independent vectors (vierbeins or tetrads) Ea = E}dy € TM which are
chosen to be orthonormal, i.e., F4 - EFp = dap. The basis {E4} determines a dual basis
EA = pdXx™ e T*M by
(B4, Ep) = 04. (A1)
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The above pairing leads to the relation E]\A;IEg = 5@. The metric is the most basic invariant
defined by the vectors in T'M or T*M,

2
(%) = 'PE,y @ Eg = 6P EN EN 0y © On
= ¢MN(X) oy ® Oy (A.2)

or

ds®> = 6,pE* @ EP = 64 E EL dXM @ dx N
= gun(X) dXM @ dx ™. (A.3)

Under local frame rotations in SO(4) the vectors transform according to

Ea(X) = E4(X) = Ep(X)A" 4(X),
BEAX) — BNX) = AMp(X)EP(X) (A.4)

where A4 g(X) € SO(4). The spin connections wy;(X) constitute gauge fields with respect
to the local SO(4) rotations

Wy — AwMAil + A@MA’l (A5)
and the covariant derivative is defined by

DyEa = 0y Ea —wyB AFg,

Dy EA = 0y B +wy g EP. (A.6)

The connection one-form w?p = wyApdXM satisfies the Cartan’s structure equa-
tions [30],

Tyun™ = OuEN — ONEjy + wn” BEN — wn BELY, (A7)

Rynp = Ouwn™p — Onwn 5+ wn cwn s — wnown g, (A.8)

where we introduced the torsion two-form 74 = %TM NAdX MAdXN and the curvature two-

form R4 = %RMNABdXM A dXN. Now we impose the torsion free condition, TMNA =

D MEX‘, -D NE]\A;I = 0, to recover the standard content of general relativity, which eliminates

wys as an independent variable, i.e.,
L4
WMBC = §EM(fABC — fBca + fcaB)
= —WMCB, (A.Q)

where
fasc = EY ER (0mEnc — ONEnc). (A.10)

Note that f4 5C are the structure functions of the vectors F4 € TM defined by

[EA,EB] = —fABCEc. (A.ll)
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Here raising and lowering the indices A, B, - - - are insignificant with Euclidean signature but
we have kept track of the position of the indices for another use with Lorentzian signature.

Since the spin connection wysap and the curvature tensor Ry;n4p are antisymmetric
on the AB index pair, one can decompose them into a self-dual part and an anti-self-dual
part as follows

WMAB = W](\j[r)aUaAB + W(i)aﬁ%Ba (A.12)
RynaB = Fﬂ&aU%B + ﬁ}}v“ﬁ%B (A.13)

where the 4 x 4 matrices %z and 7%z for a = 1,2,3 are 't Hooft symbols defined by

My = Nij = €asjs i,j € {1,2,3},
M4 = Mia = Oas- (A.14)

We list some identities of the 't Hooft tensors

n'ia" = i%EABCDU(CiBay (A.15)

NS nSp" = 0acdp — SapdEC £ eABCD., (A.16)

€ABCD77E)iE)a = ﬂF(5Ec77£1iB)a + 5EA771(13ic)a - 5EB77,(4i62a), (A.17)

sy =0, (A.18)

et = 0% ap + eten (), (A.19)

el = nse e (A.20)

where 77,(4Jga = n%p and n(ga = 7%p- (Since the above 't Hooft tensors are defined in

Euclidean R* where the flat metric § 45 is used, we don’t concern about raising and lowering
the indices.)

Using the identities (A.19) and (A.20), it is easy to see that the (anti-)self-dual curva-
ture in eq. (A.13) is purely determined by the (anti-)self-dual spin connection without any
mixing, i.e.,

Fﬁ&a = (9Mw]($)a - an](\j[)a - 26“bcw](\j[)bw]($)c. (A.21)

Of course all these separations are due to the fact, SO(4) = SU(2)1 x SU(2)g, stating that

any SO(4) rotations can be decomposed into self-dual and anti-self-dual rotations. Since

gabe b] = 2je%cr¢ where 7%’s are

the Pauli matrices, one may identify w](\/i[)a with SU(2) 1, r gauge fields and F ]E/[i sza with their

field strengths.
In consequence we have arrived at the following important property. If the spin con-

(Ha _ 0, the curvature tensor is also self-dual, i.e., Fjﬁd_gfa = 0.

is the structure constant of SU(2) Lie algebra, i.e., [7%, T

nection is self-dual, i.e., w
Conversely, if the curvature is self-dual, i.e., F' ]E/; },a = 0, one can always choose a self-dual
spin connection by a suitable gauge choice since F' (zz,a = 0 requires that Wi 55 a pure
gauge. Therefore, in this self-dual gauge, the problem of finding a self-dual solution to the

Einstein equation [74]

1
RyNaB = igeABCDRMNCD (A.22)
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is equivalent to one of finding self-dual spin connections

1
WEAB = i§€ABCDwECD (A.23)

where woap = Eé/[wMAB. Note that a metric satisfying the self-duality equation (A.22),
known as the gravitational instanton, is necessarily Ricci-flat because Rypa® =
:I:%eABCDRM[BCD] = 0. The gravitational instantons defined by eq. (A.22) are then ob-
tained by solving the first-order differential equations given by eq. (A.23).

Now contracting =47 on both sides of eq. (A.23) leads to the relation

wiapc) = Feapc” ¢ (A.24)

where ¢p = wrp? and wiaBc] = waBc + wpca + weap. From eqgs.(A.9) and (A.10)
together with eq. (A.24), we get

fABC = WABC —WBAC = —WACB — WBAC — WCBA + WCBA
D
= teAcB ¢D — WCAB (A.25)
and so
D
—weAB = faBpc £eapc” ¢p- (A.26)

The self-duality equation (A.23) now can be understood as that of the right-hand side
of eq. (A.26) with respect to the AB index pair. In addition the combination ¢;4dpc F
eapcP¢p also satisfies the same type of the self-duality equation with respect to the AB
index pair. So we see that the combination fap® + o] A5g] also satisfies the same self-
duality equation

1
fa® + <75[,45§} = iie’:‘ABCD <fCDE + ¢[055}). (A.27)

Let us introduce a volume form v = A_lbg for some function A where
v, =E'NE*ANE?P AEY (A.28)

Suppose that E4’s preserve the volume form v, i.e., Lg,v = 0 which is always possible, as
rigorously proved in [75], by considering an SO(4) rotation (A.4) of basis vectors and choos-
ing the function A properly 2. This leads to the relation Lz, = (V-E4 — Ealog \)o = 0.
Since V- B4 = —wpa® = —¢4, we get the identity ¢4 = —FE4log A for the volume form
v. Define Dgy = AE4 € TM. Then we have

(D4, Dp) = )\(—fABC + Eqlog M — Eplog A&f)DC

= —>\<fABC + ¢[A6§}) Dc. (A.29)
Finally we get from eq. (A.27) the following self-duality equation [73, 76]
1
[Da, Dp| = i§6ABCD[DC,DD]- (A.30)
#Since we imposed the vanishing of (anti-)self-dual spin connections, wl(;)a =0or wl(g)a = 0, a remaining

symmetry is SU(2)z,r up to a rigid rotation. Together with the function A, so totally four free parameters,
it is enough to achieve the condition Lg, v = 0.
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Conversely one can proceed with precisely reverse order to show that the vector fields
{DA} satisfying eq. (A.30) describe the self-dual spin connections satisfying eq. (A.23).
Note that the vector fields D4 now preserve a new volume form vy = )\_209 which can be

seen as follows
0="Lpg, (AN 'vg) =d(te, (A 0g)) = d(tap, (A ?0g)) =d(tpybs) = Lp,va. (A31)
The function A in terms of vy is therefore given by
A2 = vy(Dy, Dy, D3, Dy) (A.32)
and the metric is determined by eq. (A.3) as
ds®> = \20,3D* @ DB = X263 D3, DX dXx™ @ dxV (A.33)

where B4 = ADA.

In summary eqgs.(A.22), (A.23) and (A.30) are equivalent each other (up to a gauge
choice) and equally describe self-dual Einstein gravity.

Now eq. (A.30) clearly exposes to us that the self-dual Einstein gravity looks very much
like the self-duality equation in gauge theory. Indeed one can easily see from eq. (3.26)
that the self-dual Einstein gravity in the form of eq. (A.30) appears as the leading order of
the self-dual NC gauge fields described by

N 1 N
Fap = :|:§€ABCDFCD. (A.34)

This completes the proof of the equivalence between self-dual NC electromagnetism on
R?VC or R% x R% . and self-dual Einstein gravity.

B Einstein equations from gauge fields

In this section we will generalize the equivalence between the emergent gravity and the
Einstein gravity to arbitrary NC gauge fields. We show that the dynamics of NC U(1)
gauge fields at a commutative limit can be understood as the Einstein gravity described by
eq. (3.38) where the energy momentum tensor is given by usual Maxwell fields and by an
unusual “Liouville” field related to the conformal factor (or the size of spacetime) given by
eq. (3.48). In the end, we will find some remarkable physics regarding to a novel structure
of spacetime.

In a non-coordinate (anholonomic) basis {E4} satisfying the commutation rela-
tion (A.11), the spin connections wa®”c are defined by

VaiEBc =wiP-Fp (B.1)

where V4 = Vg, is the covariant derivative in the direction of a vector field E4. Acting
on the dual basis {E£4}, they are given by

VaAEP = —wsBEC. (B.2)
C
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Since we will impose the torsion free condition, i.e.,
T(A,B) = VaEp) — [Ea, Ep] =0,
the spin connections are related to the structure functions
fapc = —wacB + wpca-
The Riemann curvature tensors in the basis {E4} are defined by
R(A,B) = [Va,VB] = Va5
or in component form

Rap®p = (EY,R(Ea, Ep)Ep)

c c c . E c_ E E  C
= Fawp”p — FEpwa~ p +wa gw”p —wB pwaA” p+ fap wE" p.

Imposing the condition that the metric (3.41) is covariantly constant, i.e.,
Ve (nABEA ® EB) =0,

or, equivalently,

WCAB = —WCBA,

the spin connections wcap then have the same number of components as fapc.

(B.3)

(B.7)

(B.8)

Thus

eq. (B.4) has a unique solution and it is precisely given by eq. (A.9). In coordinate (holo-
nomic) bases {dar,dX™}, the curvature tensors (B.6) also coincide with eq. (A.8). The
definition (B.5) together with the metricity condition (B.8) immediately leads to the fol-

lowing symmetry property

Rapcp = —RaBpc = —Rpacp-

(B.9)

As we remarked in section 3.2, we want to represent the Riemann curvature tensors in

eq. (B.6) in terms of the gauge theory basis D 4 in order to use the equations of motion (3.51)
and the Bianchi identity (3.52). Using the relation (3.43), the spin connections in eq. (A.9)

are given by

1
A\wapc = §(fABc —fBca + fcaB) — Dplog AMca + De log Anag.
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It is then straightforward to calculate each term in eq. (B.6). We list the results:

1
Eawpcp = —2—)\2DA log AM(feep — feps + fpBC)

1 1
+VUBDDA log AD¢c log A — ﬁﬁBCDA log ADp log A

1
+55Palfeep — fops + fpBC)

22
1
2 <?73(JDADD log A = nppDaDc log A) ; (B.11)
FE 1 EF
WACEWE D = 137) (face — fcea + fEac)(fBFD — fFDB + fDBF)
1
+2—)\277EF (77AC (fBED— fEDB+ fDBE)— 1BD (fACE— fCEA+] EAC)) Drplog A
1
o2 ((fACB —fepa + fBac)Dplog A — (fBap — faps + fpBa)Dc log )\)

1
+52 <nBDD A 1og AD¢ log A—napDe log ADp log A+nac D log ADp log )\)

1
—5z14cnepn”" Dlog ADp log A, (B.12)
1
fap®weep = 2—)\2fABE(fECD —fepe +fpEC)

1

++z(fapcDplog A = fapp Do log A)
1

tonz ((fBCD —fepB 4+ fpBc)Dalog A\ — (facp — fopa + fpac)Dplog A)
1

+F <7730DA log ADplog A — nppDalog ADc¢ log )\)

1
+5 (nADDB log AD¢ log A — nac:Dg log ADp log )\) . (B.13)

Substituting these expressions into eq. (B.6), the curvature tensors are given by

Rapcp = % [{%DAGBCD —fepB +fpBC) (B.14)

+necDaDplog A —nppDaDclog A
_|_l EF( _ _
17 face — fcea +feac)(fBrp — frpB + fDBF)
1
+§77EF (nAc(fBED —fepB + fpBE) —nBD(fACE — fCEA + fEAC)) Dplog A
1
+§ ((fACB —foa+fBac)Dplog A — (fBap — faps + fpBa)DC log )\)
+nepDalog A\Dclog A +nacDplog ADp log A

—nacnepn”’ Dglog ADp log )\} - {4~ B}]

111
+§ [ifABE(fECD —fepe + fpEc) + (faBcDplog A — fapp D log )\)] .
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Using eq. (B.14), the Ricci tensors Rac = n®PRapcp and the Ricci scalar R =

n4¢ R 4¢ are accordingly determined as
1

1
Rac = viim 5(17 —4)(DaDc¢ + DeDa)log A — nacn®P DpDplog A

+(D —2)Dalog \Dc log A — (D — 4)nacnPP Dplog ADp log A

1
+5 (D~ PP (fasc — feea) Dplog A
1
—§nBDDB(fACD —fepa +fpac)
1
+4?73D 0" fepcipra + 77 Psa®(fecp — fope) |, (B.15)

1
R= — [ —2(D =3y “DaDclog A — (D — 2)(D — 5)7*“ D4 log AD¢ log A

\2
+inACnB Pias®(2fpcp — fcm)], (B.16)
where we have used the relation (3.46) and
iUBD P (ipor — fops + feBc)(farp — frpa + fpaF)
= %UBDfABEfDEC leBD P ppcfpra. (B.17)

Up to now we have not used egs.(3.51) and (3.52). We have simply calculated curva-
ture tensors for an arbitrary metric (3.41). Now we will impose on the curvature tensors
the equations of motion eq. (3.51) and the Bianchi identity (3.52). First note the follow-
ing identity

R(Ea, Ep)Ec + R(Ep, Ec)Ea + R(Ec, Ea)Ep
= [Ea,[Ep, Ec]] + [EB, [Ec, EA]] + [Ec, [Ea, EB]| (B.18)
which can be derived using the condition (B.3). The Jacobi identity then implies Rjspcip =
0. Since D4 = AEy4, we have the relation [Dy4, [Dp, Dey]] = N[E4, [Ep, E¢j]] where all
the terms containing the derivations of A cancel each other. Thus the first Bianchi identity

Riapc)p = 0 follows from the Jacobi identity [D4, [Dp, D¢]] = 0. Then eq. (3.52) confirms
that the guess (3.37) is pleasingly true, i.e.,

ﬁ[AﬁBC} =0 <= R[ABC}D =0. (B19)

One can also directly check eq. (B.19) using the expression (B.14):

1
Riapoip = 2 <D[AfBC}D - f[BcEfA]ED> =0. (B.20)

Let us summarize the algebraic symmetry of curvature tensors determined by the
properties about the torsion and the tangent-space group:

Rapcp = —RaBpc = —Rpacp, (B.21)
Riapep = 0, (B.22)
Rapcp = Repas (B.23)
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where the last symmetry can be derived by using the others. Therefore it is obvious that the
vector fields D4 € T'M satisfying eq. (3.52) describe a usual (pseudo-)Riemannian manifold.

Some useful properties can be further deduced. Contracting the indices C' and D in
eq. (3.52) leads to

Dapi — Dppa + fas®pc = Defas® (B.24)

and the left-hand side identically vanishes due to eq. (3.40) with eq. (3.46). Thus we get
Defap® = 0. (B.25)

Similarly, from eq. (3.51), we get

nABDsDglog \ = %DApA = —%nABfACDfBDC. (B.26)
eq. (B.25) now guarantees that the Ricci tensor (B.15) is symmetric, i.e., Rac = Rca. (It
should be the case since the symmetry property (B.23) shows that Rac = PP Rapcp =
nPPReopap = Rca. Recall that the property (B.23) results from the Bianchi iden-
tity (B.20).)

In order to check the conjecture (3.38), we first consider the Euclidean D = 4 case
since we already know the answer for the self-dual case. For the Euclidean space we will
not care about raising and lowering indices. Using eqs.(3.46), (3.51) and (B.26), the Ricci
tensor (B.15) can be rewritten as follows

1
Rac = 535 |9acfspeisep +TaBipeD — fepafsep — fpcipap
1
+5fBpaBDC + fABDIDCB — fABDfCBD} (B.27)

Now we decompose f4pc into self-dual and anti-self-dual parts as in eq. (A.12)

faBc = f(c+)a77aAB + f(c_)aﬁfm (B.28)
where 1 1
f(ci)“nfjg)“ =3 (fABc + §€ABDE1‘DEC) (B.29)

and introduce a completely antisymmetric tensor defined by
U apc = faBc + fBca + foas = eapcp¥p. (B.30)

Using the decomposition (B.28) and eq. (A.15) one can easily see that

1 _
Uy = —§5ABCD\I’BCD = —(fg)aﬁaAB - ng i), (B.31)
while eq. (3.46) leads to

pA = fBAB = fg)an“AB + fg)aﬁaAB- (B.32)
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The calculation of the Ricci tensor (B.27) can straightforwardly be done using the
decomposition (B.28) and the identities (A.19) and (A.20) after rewriting the following
term

faspipcs = faep(Ypos — feep — fBDC)
= 5DCBE(fg_)a7ﬂlB + fg)aﬁig)‘PE —faBpfcBp — faBDIBDC
= —UaVe — (18 — 1 080)UD + 540 ¥ ¥
—faBpfeBp — faBDfBDC (B.33)

where eq. (A.17) was used at the last step. An interesting thing is that eq. (B.33) cancels

most terms in eq. (B.27) leaving a remarkably simple form

1 a _a —)0— a q —)b_
Rac = =33 [fg) el s + 15 e sy s
- (fg)“nigfg)bﬁég + fg)aU%Bfg)bﬁﬁm)} - (B.34)

Note that the right-hand side of eq. (B.34) is purely interaction terms between the
self-dual and anti-self-dual parts in eq. (B.28). (The same result was also obtained in [75].)
Therefore, if NC gauge fields satisfy the self-duality equation (3.44), they describe a Ricci-
flat manifold, i.e., Rac = 0. Of course, this result is completely consistent with that in
appendix A. Moreover we see the reason why self-dual NC gauge fields satisfy the Einstein
equation (3.38) with vanishing energy-momentum tensor.

Finally we can calculate the Einstein tensor to find the form of the energy-momentum
tensor defined by eq. (3.38):

1
Esp = RaB — §5ABR
1 a__a —)b_ a q —)b _,
= —p(fg) 77Acf§)) Mpe + fg) WBofgy) 77%0)
1 a q —)b_ a q —)b _ a _q —)b _
+V(f(c+) WAcfE)) sp + f(c+) WBCf(D) Tap — 5ABfSL) UCDf(E) 771()}E> (B.35)

where the Ricci scalar R is given by

2 a _q —)b _,
R= ﬁfg) WABf(c ) M- (B.36)

We have adopted the conventional view that the gravitational field is represented by the
spacetime metric itself. The problem then becomes one of finding field equations to re-
late the metric (3.41) to the energy-momentum distribution. According to our scheme,
eq. (B.35) should correspond to such field equations, i.e., the Einstein equations. In other
words, if we are clever enough, we should be able to find the NC gauge theory described by
egs.(3.51) and (3.52) starting from the Einstein gravity described by egs.(B.22) and (B.35)
by properly reversing our above derivation as we have explicitly demonstrated it for the
self-dual case in appendix A.

As we explained in section 3.2, we want to identify eq. (B.35) with an energy-
momentum tensor. First note that the Ricci scalar R, (B.36), is nonvanishing for a generic
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case. This means that there is an extra field contribution to the energy-momentum ten-
sor in addition to Maxwell fields whose energy-momentum tensor is traceless. Since the
extra field energy-momentum tensor turns out to be basically a gradient volume energy
(see the latter part of section 3.2), we call it the “Liouville” energy-momentum tensor. A
similar result was also obtained in [17] where it was dubbed as the ‘Poisson’ energy. Since
the first term in eq. (B.35) is traceless due to eq. (A.18), it would be a candidate of the
Maxwell energy-momentum tensor while the second term would be the Liouville energy-
momentum tensor. So we tentatively make the following identification for the Maxwell

L)

energy-momentum tensor Tlgj‘g) and the Liouville energy-momentum tensor Tf(1 B

87TG4 M 1 a g )b _, a _q —)b_
SR = =5 (157 et ibe + 157 Moy e ).
1 1

=z <fACDfBCD - Z(SABfCDEfCDE)a (B.37)

81 1 a a0 (=)b_ a a (=)b_ a a (=)b_
o 4T£153 = p(fé” 77Acf§)) Msp + f(ch) UBCfE)) Tap — 5ABfg) 770Df(E) UbCE),
_ 1 2 2
= 537 (Pars = Wa¥s — Soan(st - ¥2)) (B.38)

where we have used the decomposition (B.29) and the relation

1 1
fPena p = 2(pA—‘1’A) o = 2(PA+‘1’A)

We have anticipated that the energy-momentum tensor (B.37) will be related to that
of Maxwell fields since both are definitely traceless in four dimensions. So our problem is
how to rewrite the energy-momentum tensor in terms of NC fields in x-algebra Ay, denoted
as Tap(Ap), using the expression (B.37) defined in TM, denoted as Tap(TM). In other
words, we want to translate T4p(T'M) into an Ap-valued energy momentum tensor. This
problem is quite subtle.

Recall that NC fields are identified with vector fields in 7'M through the map (3.23)
at the leading order. For example, we get the following identification from eq. (3.26)

—i[Fap, fle = {Fap, f}o + - = [Da, Dp][f] + - -
= —fasDolf] +- - . (B:39)

Note that eq. (B.39) is nothing but the Lie algebra homomorphism (3.29) for the Poisson
algebra. But a NC field regarded as an element of NC x-algebra 4y in general lives in
a Hilbert space H, e.g., the Fock space (3.2) while the vector fields D4 in eq. (3.23) are
defined in the real vector space TM. Furthermore we see from egs.(3. 23) and (B. 39) that

“anti-Hermitian” operators in NC algebra Ay such as the NC fields DA and —iF "\B are
mapped to real vector fields in TM. Thus we have the bizarre correspondence between
geometry defined in 7'M and NC algebra Ap**

Anti — Hermitian operators on H < Real vector fields on T'M. (B.40)

A1y, might be remarked that the transition from TM to Ay is analogous to that from classical mechanics
(an R-world) to quantum mechanics (a C-world). See section 5.4 in [32] for the exposition of the similar
problem in the context of quantum mechanics.
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In order to identify Ap-valued quantities from T M-valued ones, it is first necessary to
analytically continue the real vector space T'M to a complex vector space TMc. At the
same time, the real vector field D4 is replaced by a self-adjoint operator D4 in T M¢c and
the structure equation (3.40) instead has the form

[Da,Dp] = ifap“ Do (B.41)

Now we want to translate a quantity defined on T'M¢ such as eq. (B.41) into a NC field de-
fined on H as the Weyl-Wigner correspondence [1]. Since we have the identification (B.39),
we need to relate the inner product on the operator algebra Ay, denoted as (17, W} A, for
T/}, W e Ap to the inner product (V, W)y = V -W on TMc for V,W € TMc, both of
which are defined to be positive definite. To do this, we will take the natural prescription
according to the correspondence (B.39)

(Fap,Fop)a, < fas"scp”(Dg-Dr)+ - (B.42)

where the ellipsis means that we need a general inner product for multi-indexed vector
fields, e.g., polyvector fields though the leading term is enough for our purpose. Note that
D = A4 carry the mass dimension, i.e., [Da] = [€4] = L~! where )\ is chosen to be
real such that both D4 and £4 are self-adjoint operators in TMc. Hence we will take
into account the physical dimension of the vector fields D4 in the definition of the inner
product (B.42) ,

Da-Dp =N (Es-EB) = A ~6AB- (B.43)

|PfO|n

Here the noncommutativity |f] is the most natural dimensionful parameter at our hands
that can enter the definition (B.43).

Suppose that the analytic continuation was performed and we adopt the prescrip-

tion (B.42). Then the analytic continuation from T'M to T'M¢ accompanies the i factor
in the structure equation (B.41) which will introduce a sign flip in eq. (B.37).2> And then
Tap(TMc) will be identified using the prescription (B.42) with T45(Ag). After taking the
sign flip into account, one can finally identify T\A B(Ap) from the Maxwell energy-momentum
tensor (B.37)

871Gy ~ 2 PEOn 2% [~ ~ 1 55
Cap00) 4, = QY¥|2A4| - (FacFpc — foanFepFop)  (BA4)
c 9y m 4

C

where we simply rewrote the global factor for later use. Recall that we are taking the
commutative limit |#| — 0 (see the paragraph in eq. (3.39)). Thus one can simply replace
the field strengths in eq. (B.44) by commutative ones, i.e., Fac = Fac + O(0), since the

#To avoid any confusion, we point out that it never means changing the sign of eq. (B.37) because
eq. (B.37) is obviously defined on T'M. It simply prescribes the analytic continuation to get a correct
definition of fAB(Ag). Anyway we think that this perverse sign problem will disappear (at the price of
transparent geometrical picture) if we work in the vector space TMc from the outset using the structure
equation (B.41). It will also be useful to clearly understand the structure of Hilbert space defining (quantum)
gravity, especially, in the context of emergent gravity. We hope to address this approach in the near future.
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global factor |Pf9|% already contains O(#). Therefore, in the commutative limit, the trace
of NC spacetime in eq. (B.44) only remains in the global factor which will be identified
with the Newton constant. Thus we get the usual Maxwell energy-momentum tensor at
the leading order. It should be pointed out that the energy momentum tensor (B.44) is
not quite the same as that derived from the action (3.9) since the background part Bsy
does not appear in the result. We will see in section 3.4 that this fact bears an important
consequence about the cosmological constant and dark energy.

Note that the result (B.44) is independent of spacetime dimensions including the front
factor. By comparing the expression (B.44) with eq. (3.38), we get the identification of the

Newton “constant” )

g%, |Pfo|n
Gp = 79;;‘2‘2% iy (B.45)
Thereby we almost confirmed eq. (3.39) obtained by a simple dimensional analysis except
the dimensionless factor A%. (Of course the dimensional analysis alone cannot fix any
dimensionless parameters.) Then eq. (B.45) comes with a surprise. It raises a question
whether the Newton “constant” G p is a constant or not. If it is a constant, then it means
that gyas (or even /i and ¢ 7) depends on A such that Gp is a constant. Or if gy, ¢
and h are really constants, Gp depends on the conformal factor (or the size of spacetime)
given by eq. (3.48). We prefer the former interpretation since we know that gy s changes
under a renormalization group flow. Furthermore we note that 952/ a in NC gauge theory
depends on an open string metric in B-field background [22] and A? is also related to the
metric gy through the relation (3.48). (In four dimensions A2 ~ \/—g.) Nevertheless, we
could not find any inconsistency for the latter interpretation either, because it seems to be

consistent with current laboratory experiments since A = 1 for any flat spacetime.

In the course of our derivation, we have introduced a completely antisymmetric tensor

Uapc = fapc + fBca + fcap. (B.46)

So one may identify it with a 3-form field

1 A
H= gquBCEA ANEBAEC = 5fABCEA A EB A EC (B.47)

where we used eq. (3.43). But H is not a closed 3-form in general. Using the structure
equation

dEA = % fec*EB A EC (B.48)
one can show that instead it satisfies the following relation
dH = %(EAfBCD — fec® fapp) B4 NEP NEC A EP
+ <%fADE](BCE + %EA log )‘fBCD> EANEP NECANEP
IP£O|

= 5 FAF+3dlogANH (B.49)

,67,



where we used the Jacobi identity [E|4,[Ep, Ec]] = 0 to show the vanishing of the first
term and the map (B.42) for the second term. From eq. (B.49) we see that H = A3 H =
%\I’ABCDA A DB A DY is closed, i.e., dH = 0, if and only if ¥ A F' = 0. In this case
locally H = dB by the Poincaré lemma. Indeed the 3-form H = dB is quite similar to the
Kalb-Ramond field in string theory while the conformal factor A in eq. (3.46) behaves like
a dilaton field in string theory. In its overall picture the emergent gravity is very similar
to string theory where a metric gysn, an NS-NS 3-form H = dB and a dilaton ® describe
a gravitational theory in D dimensions.

Now we go to the second energy-momentum tensor (B.38). Note that py4 is determined
by the volume factor in eq. (3.48) evaluated in the gauge theory basis {D4} while U4 is
coming from the 3-form (B.47). eq. (B.38) has an interesting property that they identically
vanish for flat spacetime and self-dual gauge fields where py = £W 4. This kind of energy
has no counterpart in commutative spacetime and would be a unique property appearing
only in NC spacetime. This exotic feature might be expected from the beginning because
the NC spacetime leads to a perplexing mixing between short (UV) and large (IR) distance
scales [55]. To illuminate the property of the energy-momentum tensor (B.38), let us simply
assume that its average (in a broad sense) is SO(4) invariant, i.e.,

1 1
(papB) = ZMBP%J, (Ta¥p) = ZfsAB‘IIQC- (B.50)

Then the average of the energy-momentum tensor (B.38) is given by

C4

Ty ° 5 2 —w2). B.51
Note that the Ricci scalar (B.36) is purely coming from this source since eq. (B.44) is
traceless. For a constant curvature space, e.g., de Sitter or anti-de Sitter space, the Ricci
scalar R = ﬁ(pi —¥2) will be constant. In this case the energy-momentum tensor (B.51)

precisely behaves like a cosmological constant since T IgL) = —32;46;4 dapR. Of course this
conclusion is meaningful only if eq. (B.35) allows a constant curvature spacetime. But the
energy momentum tensor given by eq. (B.51) will behave like a cosmological constant as
ever for an almost constant curvature space as shown in eq. (3.96).

Although we have taken the Euclidean signature for convenience, it can be analytically
continued to the Lorentzian signature.?® For example, a crucial step in our approach was
the decomposition (B.28). But that decomposition can also be done in the Lorentzian
signature by introducing an imaginary self-duality 77%:9)@ = i%s 48P n(cil%a where SU(2)1 g
is formally extended to SL(2,C). Indeed the proof in appendix A can equally be done
using the imaginary self-duality as adopted in [73]. Or equivalently we can use the spinor

representation [30] for an arbitrary anti-symmetric rank 2-tensor

Fap = Fopap = €apbab + avp (B.52)

26The Wick rotation will be defined by z* = iz°. Under this Wick rotation, dap — nag = (—+ ++)
and ' =1 — —£%12% — _1. Then we get ") = i‘l/(AL) according to the definition (B.30).
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where a, ,--- are SL(2, C) spinor indices. For a real 2-form, 1) = ¢. In this notation, the
2-form dual to Fap is given by

1

“Fap = §5ABCDFCD ="*F .i (B.53)
= —ig,Pab T 1€V, (B.54)

that is,
“Fapah = Fapha = —1Fy04 (B.55)

For the sake of completeness we will also consider D = 2 and D = 3 cases. For conve-
nience we consider the Euclidean signature again for both cases. (The D = 2 case should
be Euclidean in our context since we don’t want to consider time-space noncommutativity.)
From now on we set h =c = 1.

In two dimensions, the analysis is simple. So we immediately list the formulas:

fapc = eaBV¥c, (B.56)

pa = fBap = 2D 4log A, (B.57)

Uy = eappB = 2capDplog A, (B.58)

Dapa = —papa = —V 4V 4y, (B.59)

Dy, =0, (B.60)
1 1

Rapcp = §5AB€CDR = 5(5AC5BD —0apdBC)R, (B.61)

2
R = F(DADA logA — 2D slog AD 4 log \). (B.62)

Of course it is a bit lengthy to directly check eq. (B.61) from eq. (B.14).
Using the equation of motion (B.59), the Ricci scalar (B.62) can be rewritten as

2 2

8

The Einstein equation in two dimensions can be written as

1
daBfcpEfCDE- (B.64)

1
Rap = §5ABR =52

An interesting thing in eq. (B.63) is that the Ricci scalar is always negative unlike as the
4-dimensional case where R = ﬁ(pi — ¥?). Hence eq. (B.64) describes only hyperbolic
(negative curvature) Riemann surfaces but most Riemann surfaces belong to this class.
From eq. (B.64) one can see that the case with Fap = 0 corresponds to parabolic
(curvature 0) Riemann surfaces which include a plane R? and a torus T2. Then a natural
question is where the different topology for R? and T? comes from. Note that there are still
background gauge fields given by eq. (3.1) although the fluctuations are vanishing. (Two-
dimensional gauge fields do not have any physical degrees of freedom but encode only a
topological information. So the fluctuations here mean the variation of a topological shape.)
We observe that, though B € H?(M) in eq. (3.1) is constant, it reveals its topology through
the first cohomology group H'(M) which measures the obstruction for symplectic vector
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fields to be globally Hamiltonian (see the footnote 3 in [3]). That is the only source we can
imagine for the origin of the topology of Riemann surfaces. We believe that the topology
of the fluctuation F 'Ap in eq. (B.64) similarly appears in hyperbolic Riemann surfaces with
a higher genus. Then a natural question is about a rational (positive curvature) Riemann
surface, i.e., S%. It may be necessary to introduce a mass term as a potential term. We
leave it for a future work.?”

Now we go over to D = 3 case. In three dimensions f4pc have totally 9 components.
We will decompose them into 9 =1+ 3 + 5 as follows

fapc = eapcV¥ +eapp(ppe + ¥pC) (B.65)

where the first term is totally anti-symmetric part like eq. (B.46) and the second term
is anti-symmetric, ppc = —pcp, and the third term is symmetric, ppc = pcp, and
traceless, pcc = 0. eq. (3.46) then leads to the relation pap = %6ABcpc. Therefore we
get the following decomposition

1
faBc = capc¥ + 5(5ACPB —dpcopA) + €ABDYDC- (B.66)

In other words, the symmetric part can be deduced from eq. (B.66) as follows

1 1
VAR = §€ACDfCDB ~ 5EABCPC — daBV. (B.67)

Using the variables in eq. (B.66), the equations of motion (3.51) can be written as

Dgfpoa = —264c¥? — Vpac + i((sACPBPB — papc) (B.68)
+g€ACB\PpB +ecBppBYDA + %EACBPD(PBD +@appop.  (B.69)

Contracting the indices A and C in the above equation leads to the relation
Dapa = 69> — %PAPA — QABYAB- (B.70)

Using the above results, it is straightforward though a bit lengthy to calculate the Ricci
tensor (B.15)

1 1
Rac = V] (fABDfCBD - ZMCfBEDfBED)
1 1
— — B.71
+4>\(VAPC + Vepa) + Sz PAPC (B.71)
and the Ricci scalar (B.16)

1 1 )

R= XVAPA‘FQ—)\Q([)A[)A—S)\I/ ) (B.72)

*"In this respect, the work [77] by H. Shimada should be interesting. He showed that the topology of a
membrane in matrix theory can be captured by a Hamiltonian function defined on a Riemann surface. The
Hamiltonian function for a nontrivial Riemann surface is in general given by a Morse function containing
several nondegenerate critical points, e.g., a height function, where the topology of a membrane is realized
as the Morse topology.
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Since the first term in eq. (B.15) is nonvanishing while it was absent in four dimensions,
we introduced the covariant derivative of the “Liouville” field p4 defined by

Vapc = FEapc — wABCpB (B.73)

and then we used the following relation derived from eq. (B.10)

1
Vapc+Vepa = X (DAPC + Dcpa — (fapc +feBa)ps + 0acpBpB — PAPC)- (B.74)

Also the expression (B.72) has been achieved after using the relation
fapcfapc = 18¥2 — 2AV 4pa. (B.75)

Finally we can get the 3-dimensional Einstein equation induced from the NC U(1)
gauge fields

1
Eap = Rap — §5ABR
— 8aGy(T8 +T() (B.76)

where the Maxwell energy-momentum tensor and the Liouville energy-momentum tensor
are, respectively, given by

(M) 1 1

T = — E—_—) B.77

AB ST (fACDf BCD ~ 5 ABfCDEfCDE) ( )
(L) L e = -~ 1 )

T - (= ) - —99?) ) ) (B.
AB = Tonain? <2 (VApB + Vppa+ PAPB) AB (chc +5(pcpc =9 ))) (B.78)

where 6,4 = A\V4.

Following the exactly same strategy as the four dimensional case, one can identify
fgﬂg) (Ap) from eq. (B.77) getting the same form as eq. (B.44). Once again we get an
exotic form of energy described by eq. (B.78) in addition to the usual Maxwell energy-
momentum tensor. This energy density is also related to the gradient volume energy. (See
section 3.2.) But the explicit form is different from the four dimensional one, eq. (B.38).
This difference is due to the fact that the first term in eq. (B.15), which appears as the
covariant derivative terms in eq. (B.78), is absent in four dimensions. An interesting thing
in eq. (B.78) is that p4 behaves like a massive field whose mass is vanishing in flat spacetime
since A = 1 in that case. We further discuss in section 3.4 about the physical implications
of the Liouville energy-momentum tensor.

In higher D > 5 dimensions, the calculation of the energy-momentum tensor from
eq. (B.15) becomes more complicated. The 3-form field (B.47) contributes nontrivially to
the energy-momentum tensor. We have not tried to find its concrete form. We hope to
attack this problem in the near future.
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